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Abstract. For 0-cycles on a variety over a number field, we define an analogue of the classical descent

set for rational points. This leads to, among other things, a definition of the étale-Brauer obstruction

set for 0-cycles, which we show is contained in the Brauer-Manin set and is compatible with Suslin’s

singular homology of degree 0. We then transfer some tools and techniques used to study the arithmetic

of rational points into the setting of 0-cycles. For example, we extend the strategy developed by Y. Liang,

relating the arithmetic of rational points over finite extensions of the base field to that of 0-cycles, to

torsors. We give applications of our results to study the arithmetic behaviour of 0-cycles for Enriques

surfaces, torsors given by (twisted) Kummer varieties, universal torsors, and torsors under tori.

1. Introduction

1.1. Obstruction sets for rational points. Let k be a number field and X be a smooth, proper,

geometrically integral variety over k. In order to investigate questions concerning the qualitative

arithmetic behaviour of the set X(k) of rational points on X, a well-known strategy is that of defining

so-called obstruction sets – namely, certain subsets of the set X(Ak) of adelic points on X that still

contain X(k) – and trying to exploit the more tractable local nature of these sets to study the specific

question at hand. Such sets can be used, for example, to determine whether X(k) = ∅ by refining

local-to-global principles, or to classify varieties according to their arithmetic behaviour. The theory

of obstruction sets in the context of rational points has been developed quite extensively over the last

several decades. In [Man71], Manin first constructed an obstruction set by using the Brauer group

Br(X) := H2
et(X,Gm) and class field theory to define what is now known as the Brauer-Manin set,

namely

X(Ak)Br :=
⋂

α∈BrX

{
(xv)v∈Ωk ∈ X(Ak) :

∑
v∈Ωk

invv α(xv) = 0
}
.

Later, Colliot-Thélène and Sansuc [CTS87] defined a new type of obstruction sets known as descent

sets, based not on the Brauer group, but rather on the notion of torsors under algebraic groups. That is,

if G is a linear algebraic group over k and if [g : Y → X] ∈ H1
et(X,G) is (the k-class of) a G-torsor over

X, then we can define the descent set associated to g as

X(Ak)g :=
⋃

[τ ]∈H1(k,G)

gτ (Y τ (Ak)),

where the Gτ -torsor gτ : Y τ → X is the twist of the torsor g : Y → X by τ (see [Sko01, Ch. 2]). We

can also combine these two main types of obstructions together to yield potentially finer obstruction

sets. For example, the étale-Brauer set,

X(Ak)et,Br :=
⋂

F finite lin alg k-group

⋂
[f :Y→X]∈H1

et(X,F )

⋃
τ∈H1

et(k,F )

f τ (Y τ (Ak)Br)),

can be obtained by considering the Brauer-Manin sets of all finite étale covers of X. Although the

obstruction sets defined using the Brauer group and those defined by using torsors have quite different

natures, there is sometimes a close interrelation between them – see, for example [Sko01], [Har02], [Sto07],

[Dem09], [Sko09a], [Bal16], [Cao20]. Unfortunately, despite the richness of the different obstructions
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available, the arithmetic behaviour of rational points on varieties is still not completely understood

in general: for example, in [Poo10] Poonen constructed a variety X over a number field k such that

X(Ak)et Br 6= ∅ but X(k) = ∅, showing that even the finest obstruction set currently at our disposal, i.e.,

the étale-Brauer set, is not quite refined enough to capture the lack of rational points.

1.2. Obstruction sets for 0-cycles. Let us now consider the theory of obstruction sets in a different

context, namely, that of 0-cycles on X, which can be viewed as generalisations of rational points. Given

a fixed integer d, the main object of interest is the set Zd0 (X) of 0-cycles of degree d on X, that is, the set

of all formal Z-sums z :=
∑

x nxx of closed points x on X such that deg(z) :=
∑

x∈X nx[k(x) : k] = d,

where k(x) is the residue field of x. Much in the same way as we did for rational points, we can ask

qualitative arithmetic questions about Zd0 (X) – for example, whether Zd0 (X) = ∅. The basic strategy to

tackle such questions remains the same, that is, we consider subsets of the set Zd0 (XAk) of adelic degree

d 0-cycles on X and try to exploit the local nature of these subsets to draw conclusions about Zd0 (X).
There are two striking differences between the theory of obstructions for rational points and that for

0-cycles, however. First, while there is a wide range of obstructions sets and tools currently available for
rational points, the same cannot be said for 0-cycles. One key complication is that, in the definition of
0-cycles, several different field extensions need to be considered at once, thereby creating challenges in
generalising obstruction sets from rational points to this new context. Currently, the only obstruction
set that has been generalised is the Brauer-Manin obstruction [CT95], defined in a similar way as in the
context of rational points, but with the extra use of corestriction maps to deal with the different residue
fields of the support of the 0-cycles, namely

Zd0 (XAk)Br :=
⋂

α∈BrX


 ∑
xv∈Xkv

nxvxv


v∈Ωk

∈ Zd0 (XAk) :
∑
v∈Ωk

∑
xv∈Xkv

nxv invv
(
coreskv(xv)/kv α(xv)

)
= 0

 .

The second difference concerns the arithmetic behaviour of 0-cycles. While, as previously mentioned,

even the finest known obstruction cannot explain all failures of the Hasse principle for rational points, the

qualitative arithmetic of 0-cycles is, conjecturally, completely captured by the Brauer-Manin obstruction

– and thus much more well behaved. Indeed, Colliot-Thélène [CT95] conjectured that the Brauer-Manin

obstruction is the only one to weak approximation for 0-cycles of degree 1 on any smooth, proper,

geometrically integral variety X over k (see also [KS86]). Colliot-Thélène’s conjecture is encompassed

by the following main guiding conjecture in the context of 0-cycles, which is known for a few cases (see

[Sal88], [Sai89], [CT99], [ES08], [Wit12], [Lia13], and [CTS21, p. 383-4] for a detailed list of references)

but remains open in general.

Conjecture 1.1 (Conjecture (E)). For any smooth, projective variety X over a number field k, the

following complex is exact,

̂CH0(X) −→
∏
v∈Ωk

̂CH′0(Xkv) −→ Hom(BrX,Q/Z),

where ̂ denotes the profinite completion, and where CH′0(Xkv) coincides with CH0(Xkv) at finite

places and is a modification of the Chow group at infinite places (see [Wit12, §1.1] or [CT95, §1] for

further details).

1.3. Main results. The main aim of this paper is to fill in some significant gaps in the theory of
obstructions for 0-cycles by defining an analogue of the descent set associated to a torsor for 0-cycles.
Given a fixed d ∈ Z and a fixed torsor g : Y → X under a linear algebraic group G over k, we define the
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degree d descent set associated to g (see Definition 3.3) to be

Zd0 (XAk)g :=
⋃

S finite non-empty
set of finite field
extensions of k

g∗,ad


∐

(TL⊂H1(L,G))L∈S :
TL 6= ∅ finite for all L ∈ S

∐
((∆τ )τ∈TL)

L∈S
:

∆τ∈Z for all τ,∑
L∈S

∑
τ∈TL

∆τ [L:k]=d

∏
L∈S

∏
τ∈TL

Z∆τ
0 (Y τAL)


,

where

g∗,ad :




 ∑
y∈Y τLw

ny y


w∈ΩL:
w|v


τ∈TL


L∈S


v∈Ωk

7−→

∑
L∈S

∑
τ∈TL

∑
w∈ΩL:w|v

∑
y∈Y τLw

ny(sLw ◦ gτLw)∗(y)


v∈Ωk

and where gτLw : Y τ
Lw
→ XLw and sLw : XLw → Xkv are the natural maps. This set Zd0 (XAk)g contains

Zd0 (X) and, moreover, generalises the descent set X(Ak)g when d = 1. This set arises in a very natural

way that mimics the way in which the descent set for rational points is defined, once we take into

account the more complex structure of 0-cycles (see Sections 2 and 3 for more details).

The definition of the descent set leads to, among other results, a definition of the étale-Brauer

obstruction for 0-cycles (Definition 3.6), namely

Zd0 (XAk)et,Br :=
⋃

S 6=∅ finite set
of finite field

extns of k

⋂
G finite lin.
alg. k-group

⋂
[f :Y→X]

∈H1(X,G)

f∗,ad


∐

(TL⊂H1(L,G))L∈S
TL 6= ∅ finite
for all L ∈ S

∐
((∆τ )τ∈TL)

L∈S
:

∆τ∈Z for all τ,∑
L∈S

∑
τ∈TL

∆τ [L:k]=d

∏
L∈S

∏
τ∈TL

Z∆τ
0 (Y τ

AL)Br

 .

In Section 3, we show how the descent set and its variations involving the Brauer group are compatible

with an important equivalence relation on 0-cycles, namely the finite correspondences equivalence

relation, which gives rise to Suslin’s singular homology groups of degree 0; for proper varieties, Suslin’s

singular homology groups of degree 0 correspond to Chow groups.

More generally, these definitions afford the possibility of a more systematic theory of obstructions for

0-cycles, analogous to that of rational points. It also provides new potential avenues for investigating

Conjecture 1.1: if Conjecture 1.1 holds, it implies that the Brauer-Manin obstruction is the only one for

weak approximation for 0-cycles of degree 1 (see [Lia13, Theorem A]); this, on the other hand, should

imply that the étale-Brauer set and the Brauer-Manin set for 0-cycles of degree 1 are “equal” in the Chow

group, in the sense that, for any n ∈ N, for any finite set S′ ⊂ Ωk of places of k, if (zv)v ∈ Z1
0(XAk)Br,

then there is some (z̃v)v ∈ Z1
0(XAk)

et,Br such that zv and z̃v have the same image in CH0(Xkv)/n for

any v ∈ S′.
Equipped with our new definitions, in §5 we begin to transfer some of the tools and techniques used

to study descent obstructions to rational points into the 0-cycles setting. We do so in the spirit of some

of the ideas developed by Liang in [Lia13]. His strategy consists of trying to show that, under certain

conditions, if some arithmetic property (such as, for example, the Brauer-Manin obstruction being the

only one for weak approximation) holds for rational points for enough field extensions of finite degree

of the base field, then an analogous arithmetic property holds for 0-cycles as well. In §5.1, we extend

Liang’s strategy to torsors.

Theorem (Theorem 5.1). Let X be a smooth, proper, geometrically integral variety over a number field

k. Let f : Y → X be an F -torsor for some linear algebraic group F over k and with Y geometrically

integral. Let d be any integer. Assume that
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(i) for any finite extension K/k and any τ ∈ H1(K,F ), the quotient Brnr(Y
τ
K)/Br0(Y τ

K) is finite,

and there exists a finite extension K ′τ of K so that for all finite extensions L of K linearly

disjoint from K ′τ over K, the homomorphism induced by restriction

resL/K : Brnr(Y
τ
K)/Br0(Y τ

K)→ Brnr(Y
τ
L )/Br0(Y τ

L )

is surjective;

(ii) for any finite extension L/k, we have that XL(AL)fL,Brnr 6= ∅ if and only if X(L) 6= ∅ (respectively,

if XL(AL)fL,Brnr 6= ∅, then weak approximation holds for XL).

Then f-descent with unramified Brauer obstruction is the only obstruction to the Hasse principle

(respectively, weak approximation) for 0-cycles of degree d on X.

In §6 we consider several applications of our tools, often in contexts in which there is deeper knowledge

of the obstructions that govern the existence and density of rational points. Firstly, building on work

by Ieronymou [Ier21], we get an application of the étale-Brauer set for Enriques surfaces – at least,

conditionally on a conjecture by Skorobogatov.

Theorem (Theorem 6.3). Let X be an Enriques surface over a number field k and let f : Y → X be a

K3 covering of X, i.e. a Z/2Z-torsor over X with Y a K3 surface. Let d ∈ Z. Assume that Conjecture

6.1 holds. Then, for any positive integer n, if (zv)v ∈ Zd0 (XAk)
f,Br then there exists a global 0-cycle

zn ∈ Zd0 (X) such that zn and (zv)v have the same image in CH0(Xkv)/n for all v ∈ Ωk.

As a further application, we study the arithmetic of 0-cycles in the context of what can be considered

as higher-dimensional generalisations of Enriques surfaces, where we look at the case where our torsors

are (twisted) Kummer varieties.

Theorem (Theorem 6.6). Let X be a smooth, proper, geometrically integral variety over a number

field k. Let f : Y → X be a torsor under some linear algebraic group F over k, where Y is a (twisted)

Kummer variety over k. Let d ∈ Z be odd. Assume that Question 6.5 has a positive answer. Then

Zd0 (XAk)f,Br{2} 6= ∅ implies Zd0 (X) 6= ∅.

We remark that the recent preprint [Ier22] by Ieronymou should remove both the condition that d

be odd and the need to restrict to the 2-primary part of the Brauer group. We nonetheless give the

theorem in this form, as its proof can potentially be applied to other situations.

Finally, we consider universal torsors and torsors under tori. In the rational points setting, it is

well-known that, if a universal torsor g : W → X exists, then X(Ak)g = X(Ak)Br1 [Sko01, Lemma 2.3.1].

In Theorem 6.10, we recover an analogous result for 0-cycles.

Theorem (Theorem 6.10). Let X be a smooth, proper, geometrically integral variety over k with PicX

finitely generated as a Z-module. Suppose that a universal torsor g : W → X under some group G of

multiplicative type over k exists. Then, for any integer d ∈ Z, for any positive integer n, and for any

finite subset S′ ⊂ Ωk of places of k, we have that

(1) if (zv)v ∈ Zd0(XAk)
g, then there exists some (uv)v ∈ Zd0 (XAk)

Br1 such that zv and uv have the

same image in CH0(Xkv)/n for all v ∈ S′;
(2) if, moreover, Br1(X)/Br0(X) is finite, then (zv)v ∈ Zd0(XAk)Br1 implies that there exists some

(uv)v ∈ Zd0(XAk)g such that zv and uv have the same image in CH0(Xkv)/n for all v ∈ S′.

Similarly, for torsors under tori we obtain the following result, in the spirit of a result by Harpaz and

Wittenberg (see [HW20, Théorème 2.1]).

Theorem (Theorem 6.12). Let X be a smooth, proper, geometrically integral variety over k. Let

f : Y → X be a torsor under a k-torus T . Assume that BrX/Br0X is finite and that there is

some finite extension F/k such that resl/k : BrX/Br0X → Br(Xl)/Br0(Xl) is surjective for all finite
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extensions l/k linearly disjoint from F over k. Then, for any integer d ∈ Z, for any positive integer n,

and for any finite subset S′ ⊂ Ωk of places of k, we have that (zv)v ∈ Zd0(XAk)Br implies that there exists

some (uv)v ∈ Zd0(XAk)f,Brnr such that zv and uv have the same image in CH0(Xkv)/n for all v ∈ S′.

1.4. Notation and terminology. Let k be a number field and let k denote a fixed algebraic closure

of k; we will take any finite extension of k to be inside k. Let Ωk denote the set of non-trivial places

of k and Ak the ring of adeles of k. For a k-scheme X, write XK := X ×Spec k SpecK for the base

change of X to the extension K/k, and X := Xk. A variety over k is defined as a separated scheme

of finite type over k. For a closed point x of a k-scheme X, let k(x) denote the residue field (over

k). The Brauer group Br(X) := H2
et(X,Gm) of a k-variety X is equipped with a natural filtration,

Br0(X) ⊂ Br1(X) ⊂ Br(X), where Br0(X) := im(Br(k)→ Br(X)) and Br1(X) := ker(BrX → BrX).

For an abelian group A and an integer d > 0, we let A[d] denote the d-torsion subgroup of A. When d

is prime, let A{d} denote the d-primary part lim←−nA[dn] of A.

2. A partition for global 0-cycles using torsors

Let X be a variety over a number field k. Throughout this section, we fix g : Y → X to be a G-torsor

for some linear algebraic group G over k and a Y smooth k-variety. In this section, we generalise the

standard partition of X(k) using the torsor g : Y → X to 0-cycles. This partition will allow us, in

Section 3, to define the descent set Zd0 (X(Ak))g and the étale-Brauer set Zd0 (X(Ak))et,Br for 0-cycles,

analogous to the corresponding sets X(Ak)g and X(Ak)et,Br for rational points.

Before we are able to give the definition of the descent set for 0-cycles (see Definition 3.3), let us try

to motivate a bit how the construction arises by looking first at what happens for rational points. For

rational points, a standard result from the theory of torsors (see e.g. [Sko01, p.22]) tells us that, using

the torsor g : Y → X, the set of k-rational points of X can be partitioned as

(2.1) X(k) =
∐

τ∈H1
et(k,G)

gτ (Y τ (k)),

where gτ : Y τ → X is the Gτ -torsor over X obtained by twisting g : Y → X by τ . Since Y τ (k) ⊂ Y τ (Ak),

we then get

X(k) =
∐

τ∈H1
et(k,G)

gτ (Y τ (k)) ⊂
⋃

τ∈H1
et(k,G)

gτ (Y τ (Ak)) =: X(Ak)g,

where X(Ak)g is the g-descent set. The main goal of this section is to generalise the partition (2.1) in

the context of 0-cycles. In Definition 2.4, we construct a set Zd0 (X)g that is the analogue for 0-cycles

of the set
∐
τ∈H1

et(k,G) g
τ (Y τ (k)) in (2.1): in Proposition 2.5, we indeed prove that Zd0 (X) = Zd0 (X)g,

thus yielding the analogue for global 0-cycles of the partition (2.1). In Section 3, we then exploit this

partition for 0-cycles in order to define the g-descent Zd0 (XAk)g for 0-cycles (see Definition 3.3).

The natural motivation behind the construction of the set Zd0 (X)g – which, at first sight, might

appear a bit abstract – lies completely in the proof of Proposition 2.5: given a 0-cycle z ∈ Zd0 (X), the

points in supp(z) are rational points over their respective residue fields; hence, by using the partition

(2.1) and grouping together the points in supp(z) with a same residue field L and a same pullback class

τ ∈ H1
et(L,G) of [g : Y → X] ∈ H1(X,G), we can decompose z as a collection of “scattered” 0-cycles,

whose degrees are compatible in a certain explicit way, living on (potentially) different Y τ
L ’s, for some

extensions L/k and τ ∈ H1
et(L,G) depending on supp(z) only. We can then use the “recombining”

map g∗ (defined in Definition 2.2) to recombine these “scattered” 0-cycles into z. This shows that any

0-cycle in Zd0 (X) is in Zd0 (X)g, and yields the very natural justification for all the objects and conditions

appearing in the definition of Zd0 (X)g.

Let us now delve into the construction.
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Definition 2.1. Let k be a number field and let k be a fixed separable closure of k. We let

Fk := {K ⊂ k : K is a finite field extension of k}.

Recall that if z :=
∑
nyy ∈ Z0(Y ), the pushforward of z is

g∗(z) =
∑
y∈Y

nyg∗(y) =
∑
y∈Y

ny[k(y) : k(g(y))]g(y) ∈ Z0(X).

Definition 2.2. We define the “recombining” map

g∗ :
∐
S⊂Fk

S 6= ∅ finite

∐
(TL⊂H1(L,G))L∈S

TL 6= ∅ finite for all L ∈ S

∏
L∈S

∏
τ∈TL

Z0(Y τ
L )→ Z0(X)

as follows. Let

z :=

∑
y∈Y τL

nyy


τ∈TL


L∈S

∈
∐
S⊂Fk

S 6= ∅ finite

∐
(TL⊂H1(L,G))L∈S

TL 6= ∅ finite for all L ∈ S

∏
L∈S

∏
τ∈TL

Z0(Y τ
L ).

Then g∗(z) is the 0-cycle on X given by

g∗(z) =
∑
L∈S

∑
τ∈TL

∑
y∈Y τL

ny(sL ◦ gτL)∗(y)

=
∑
L∈S

∑
τ∈TL

∑
y∈Y τL

ny[L(y) : k(sL ◦ gτL(y))](sL ◦ gτL)(y),

where gτL : Y τ
L → XL and sL : XL → X are the natural morphisms.

The map g∗ is compatible with degrees of 0-cycles in the following way.

Lemma 2.3. Fix an integer d. Then we have a map

g∗ :
∐
S⊂Fk

∐
(TL⊂H1(L,G))L∈S

∐
((∆τ )τ∈TL)

L∈S :

∆τ∈Z for all τ ,∑
L∈S

∑
τ∈TL

∆τ [L:k]=d

∏
L∈S

∏
τ∈TL

Z∆τ
0 (Y τ

L )→ Zd0 (X).

Proof. Let

z :=

∑
y∈Y τL

nyy


τ∈TL


L∈S

∈
∐
S⊂Fk

∐
(TL⊂H1(L,G))L∈S

∐
((∆τ )τ∈TL)

L∈S :

∆τ∈Z for all τ ,∑
L∈S

∑
τ∈TL

∆τ [L:k]=d

∏
L∈S

∏
τ∈TL

Z∆τ
0 (Y τ

L ).

Then, by definition of g∗, we have that

g∗(z) =
∑
L∈S

∑
τ∈TL

∑
y∈Y τL

ny[L(y) : k(sL ◦ gτL(y))](sL(gτL(y))).

Therefore,

deg(g∗(z)) =
∑
L∈S

∑
τ∈TL

∑
y∈Y τL

ny[L(y) : k(sL(gτL(y)))][k(sL(gτL(y))) : k]

=
∑
L∈S

∑
τ∈TL

∑
y∈Y τL

ny[L(y) : k]

=
∑
L∈S

∑
τ∈TL

∑
y∈Y τL

ny[L(y) : L][L : k]
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=
∑
L∈S

∑
τ∈TL

[L : k]
∑
y∈Y τL

ny[L(y) : L]

=
∑
L∈S

∑
τ∈TL

[L : k]∆τ

= d,

where the fifth equality follows from the fact that the inner summation represents the degree of the

0-cycle
∑

y∈Y τL
nyy, which is by definition ∆τ , and the final equality is by definition of the integers

∆τ . �

Definition 2.4. Let d ∈ Z. The global descent set of degree d of X associated to g is

Zd0 (X)g :=
⋃
S⊂Fk

S 6= ∅ finite

g∗


∐

(TL⊂H1(L,G))L∈S
TL 6= ∅ finite for all L ∈ S

∐
((∆τ )τ∈TL)

L∈S :

∆τ∈Z for all τ ,∑
L∈S

∑
τ∈TL

∆τ [L:k]=d

∏
L∈S

∏
τ∈TL

Z∆τ
0 (Y τ

L )


.

The following is the 0-cycles analogue of the partition (2.1).

Proposition 2.5. There is an equality of sets, Zd0 (X)g = Zd0 (X).

Proof. The forward containment is the content of Lemma 2.3. For the reverse inclusion, let z :=∑
x∈X

nxx ∈ Zd0 (X), and suppose that {x1, . . . , xr} := supp(z). By the classical properties of torsors for

rational points (see [Sko01, §5.3]), for each xi we take any closed point x′i of Xk(xi) projecting to xi, and

we have the partition

x′i ∈ X(k(xi)) =
∐

σ∈H1(k(xi),G)

gσk(xi)

(
Y σ
k(xi)

(k(xi))
)
.

Hence there exists some (unique) σi ∈ H1(k(xi), G) such that xi lifts to some yi ∈ Y σi
k(xi)

(k(xi)), which

we fix for each xi and which we can consider as closed points on Y σi
k(xi)

. Note that k(xi)(yi) = k(xi),

since k(xi)(yi) ⊂ k(xi) as yi is a k(xi)-point. So, if we consider the morphism

sk(xi) ◦ g
σi
k(xi)

: Y σi
k(xi)

→ Xk(xi) → X,

then the pushforward of yi ∈ Z0(Y σi
k(xi)

) is

(sk(xi) ◦ g
σi
k(xi)

)∗(yi) = [k(xi)(yi) : k(sk(xi) ◦ g
σi
k(xi)

(yi))]xi

= [k(xi)(yi) : k(xi)]xi

= xi ∈ Z0(X).

Consider the set

M := {(k(xi), σi) : i = 1, ..., r} = {(L1, τ1), . . . , (Ls, τs)},

where Li ∈ {k(x1), . . . , k(xr)} and τi ∈ {σ1, ..., σr}. We partition the set {x1, . . . , xr} as follows. The

points xi and xj with i 6= j belong to the same partition set P(L,τ) if and only if L = k(xi) = k(xj) and

τ = σi = σj . We write

{x1, . . . , xr} =

s⊔
i=1

P(Li,τi).
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For each (Li, τi) ∈M , define

∆(Li,τi) :=
∑

x∈P(Li,τi)

nx[Li(y) : Li] =
∑

x∈P(Li,τi)

nx,

where we recall that y denotes the fixed lift of x and the nx are the coefficients of the support of the

0-cycle z ∈ Zd0 (X). Then, for each (Li, τi), we have∑
x∈P(Li,τi)

nxy ∈ Z
∆(Li,τi)

0 (Y τi
Li

).

Let S := {L1, ..., Ls}. For each L ∈ S, we let TL := {τ : (L, τ) ∈M}. Consider the tuple of 0-cycles

w :=

 ∑
x∈P(Li,τi)

nxy


i∈{1,...,s}

=


 ∑
x∈P(L,τ)

nxy


τ∈TL


L∈S

.

We claim that g∗(w) = z. Indeed, we have

g∗(w) =

s∑
i=1

∑
x∈T(Li,τi)

nx(sLi ◦ g
τi
Li

)∗(y) =
∑

x∈supp(z)

nxx = z.

Moreover, we claim that w is in∐
S⊂Fk

S 6= ∅ finite

∐
(TL⊂H1(L,G))L∈S

TL 6= ∅ finite for all L ∈ S

∐
((∆τ )τ∈TL)

L∈S∑
L∈S

∑
τ∈TL

∆τ [L:k]=d

∏
L∈S

∏
τ∈TL

Z∆τ
0 (Y τ

L )

To show this, we check that the condition on the degrees ∆(Li,τi) holds. We have∑
L∈S

∑
τ∈TL

∆(L,τ)[L : k] =
s∑
i=1

∆(Li,τi)[Li : k]

=

s∑
i=1

∑
x∈P(Li,τi)

nx[Li : k]

=
r∑
j=1

nxj [k(xj) : k]

= deg z

= d

Hence, the inclusion Zd0 (X)g ⊃ Zd0 (X) holds and thus Zd0 (X)g = Zd0 (X), as required. �

Remark 2.6. The subset of Z1
0 (X)g given by

Z1
0 (X)g,eff

k := g∗


∐

Tk⊂H1(k,G)
Tk 6= ∅ finite

∐
(∆τ )τ∈Tk :

∆τ∈Z for all τ ,∑
τ ∆τ=1

∏
τ∈Tk

Z∆τ ,eff
0 (Y τ )

 ,

where we have taken S = {k} in Definition 2.4, is equal to
∐
τ∈H1(k,G) g

τ (Y τ (k)). Indeed, any effective

0-cycle in Z∆τ ,eff
0 (Y τ ) which is not identically zero must have degree ∆τ > 0. Thus for ∆τ ≤ 0, we have

Z∆τ ,eff
0 (Y τ ) = ∅. (Strictly speaking, when ∆τ = 0 we need to also remove the identically zero 0-cycle;

we will be a bit imprecise and ignore this minor issue.) But the only way in which
∑

τ∈Tk ∆τ = 1 for
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∆τ > 0 is if Tk = {τ} for some τ ∈ H1(k,G) and ∆τ = 1. Hence, we have

Z1
0 (X)g,eff

k = g∗

 ∐
τ∈H1(k,G)

Z1,eff
0 (Y τ )

 .

One can check that Z1,eff
0 (Y τ ) = Y τ (k). The result then follows by the definition of g∗.

3. The descent and étale-Brauer sets for 0-cycles

In this section, we extend the definitions from the previous section to the local setting and we define

the descent and the étale-Brauer sets for 0-cycles.

Recall that, for any variety V over a number field k and any integer d, the set of adelic 0-cycles of

degree d of V is the subset Zd0 (VAk) of
∏
v∈Ωk

Zd0 (Vkv) of 0-cycles (zv)v such that, for all but finitely

many v ∈ Ωk, we have that zv extends to a 0-cycle over some model V → Spec(Okv) of Vkv → Spec(kv).

If V is proper, then Zd0 (VAk) =
∏
v∈Ωk

Zd0 (Vkv).

Let X be a variety over a number field k. For any integer d and any place v ∈ Ωk, we briefly recall

how the natural map resv : Zd0 (X)→ Zd0 (Xkv) is defined. For z :=
∑

x∈X nxx ∈ Zd0 (X), we let

resv(z) :=
∑
x∈X

∑
w∈Ωk(x):w|v

nx(x)w,

where (x)w ∈ X(k(x)w) is the image of x under the natural inclusion X(k(x))→ X(k(x)w). For any

x ∈ X, we have by e.g. [Neu99, Ch. II, Cor. 8.4] that∑
w∈Ωk(x):w|v

[k(x)w : kv] = [k(x) : k]

and thus

deg(zv) =
∑
x∈X

∑
w∈Ωk(x):w|v

nx[k(x)w : kv] =
∑
x∈X

nx[k(x) : k] = deg(z).

Definition 3.1. Let X be a variety over a number field k. Let g : Y → X be a G-torsor over X, where

G is a linear algebraic group over k. We define the map

g∗,ad :
∐
S⊂Fk

S 6= ∅ finite

∐
(TL⊂H1(L,G))L∈S

TL 6= ∅ finite for all L ∈ S

∏
L∈S

∏
τ∈TL

Z0(Y τ
AL)→ Z0(XAk)

as follows. We first observe that

Z0(Y τ
AL) ⊂

∏
w∈ΩL

Z0(Y τ
Lw) =

∏
v∈Ωk

∏
w∈ΩL:w|v

Z0(Y τ
Lw).

Hence, an element ỹ in the domain of g∗,ad can be written as

ỹ :=

(((∑
y∈Y τLw

ny y
)
w∈ΩL:w|v

)
v∈Ωk

)
τ∈TL


L∈S

=

((((∑
y∈Y τLw

ny y
)
w∈ΩL:w|v

)
τ∈TL

)
L∈S

)
v∈Ωk

,

and we define

g∗,ad(ỹ) :=

∑
L∈S

∑
τ∈TL

∑
w∈ΩL:w|v

∑
y∈Y τLw

ny(sLw ◦ gτLw)∗(y)


v∈Ωk

where gτLw : Y τ
Lw
→ XLw and sLw : XLw → Xkv are the natural maps.
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Lemma 3.2. Let X be a variety over a number field k. Let g : Y → X be a torsor under some linear

algebraic group G over k. Fix d ∈ Z. Then,

g∗,ad :
∐
S⊂Fk

∐
(TL⊂H1(L,G))L∈S

∐
((∆τ )τ∈TL)

L∈S :

∆τ∈Z for all τ ,∑
L∈S

∑
τ∈TL

∆τ [L:k]=d

∏
L∈S

∏
τ∈TL

Z∆τ
0 (Y τ

AL)→ Zd0 (XAk).

Proof. The proof follows in a similar manner to that of Lemma 2.3. Let

ỹ :=




 ∑
y∈Y τLw

ny y


w∈ΩL:w|v


v∈Ωk


τ∈TL


L∈S

be in the domain of g∗,ad. Then, for each v ∈ Ωk, we have

deg(g∗,ad(ỹ)v) =
∑
L∈S

∑
τ∈TL

∑
w∈ΩL:w|v

∑
y∈Y τLw

ny[Lw(y) : kv(sLw(gτLw(y)))][kv(sLw(gτLw(y))) : kv]

=
∑
L∈S

∑
τ∈TL

∑
w∈ΩL:w|v

∑
y∈Y τLw

ny[Lw(y) : kv]

=
∑
L∈S

∑
τ∈TL

∑
w∈ΩL:w|v

∑
y∈Y τLw

ny[Lw(y) : Lw][Lw : kv]

=
∑
L∈S

∑
τ∈TL

∑
w∈ΩL:w|v

[Lw : kv]
∑
y∈Y τLw

ny[Lw(y) : Lw]

=
∑
L∈S

∑
τ∈TL

∆τ

∑
w∈ΩL:w|v

[Lw : kv]

=
∑
L∈S

∑
τ∈TL

∆τ [L : k]

= d,

where the fifth equality follows from the fact that the inner summation represents the degree of the

0-cycle
∑

y∈Y τL
nyy, which is by definition ∆τ , the sixth equality comes from the fact that

∑
w∈ΩL:w|v[Lw :

kv] = [L : k], and the final equality comes from the definition of the integers ∆τ . �

Definition 3.3. Let X be a variety over a number field k. Let g : Y → X be a G-torsor over X, where

G is a linear algebraic group over k. Let d ∈ Z. For any given finite non-empty set S ⊂ Fk, we define

the g-descent set of degree d of X associated to S by

Zd0 (XAk)gS := g∗,ad


∐

(TL⊂H1(L,G))L∈S
TL 6= ∅ finite for all L ∈ S

∐
((∆τ )τ∈TL)

L∈S :

∆τ∈Z for all τ ,∑
L∈S

∑
τ∈TL

∆τ [L:k]=d

∏
L∈S

∏
τ∈TL

Z∆τ
0 (Y τ

AL)


.

We define the g-descent set of degree d of X by

Zd0 (XAk)g :=
⋃
S⊂Fk

S 6= ∅ finite

Zd0 (XAk)gS .
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More generally, if G is a set of k-isomorphism classes of linear algebraic groups over k, then the

G-descent set of degree d of X is defined as

Zd0 (XAk)G :=
⋃
S⊂Fk

S 6= ∅ finite

⋂
G∈G

⋂
[g:Y→X]∈H1(X,G)

Zd0 (XAk)gS

Remark 3.4. In the above definition, the reason why we can take the union
⋃

S⊂Fk
S 6= ∅ finite

first, before

taking the intersection over the linear algebraic groups and torsors, and still have that Zd0 (X) ⊂ Zd0 (XAk)G

is the following: since the motivation behind the sets S comes from the residue fields of the points in

supp(z) for all z ∈ Zd0 (X), then, as the proof of Proposition 2.5 shows, for any z ∈ Zd0 (X) there exists

some S (depending on supp(z) only) such that, for any linear algebraic group G over k and any G-torsor

g : Y → X, we have

z ∈ g∗


∐

(TL⊂H1(L,G))L∈S
TL 6= ∅ finite for all L ∈ S

∐
((∆τ )τ∈TL)

L∈S :

∆τ∈Z for all τ ,∑
L∈S

∑
τ∈TL

∆τ [L:k]=d

∏
L∈S

∏
τ∈TL

Z∆τ
0 (Y τ

L )


,

that is, the same S works for all linear algebraic groups and torsors. We note that the set Zd0 (XAk)G , as

defined above, is potentially smaller than the set⋂
G∈G

⋂
[g:Y→X]∈H1(X,G)

⋃
S⊂Fk

S 6= ∅ finite

Zd0 (XAk)gS .

Remark 3.5. If we set d = 1, S = {k} in Definition 3.3, and we restrict to effective 0-cycles only, then

Z1,eff
0 (XAk)gk = X(Ak)g. Indeed, the proof follows the same argument as that of Remark 2.6.

Definition 3.6. Let X be a variety over a number field k. Let g : Y → X be a G-torsor over X, where

G is a linear algebraic group over k. Let d ∈ Z. For any given finite non-empty set S ⊂ Fk, we define

the g-Brauer set of degree d of X associated to S by

Zd0 (XAk)g,Br
S := g∗,ad


∐

(TL⊂H1(L,G))L∈S
TL 6= ∅ finite for all L ∈ S

∐
((∆τ )τ∈TL)

L∈S :

∆τ∈Z for all τ ,∑
L∈S

∑
τ∈TL

∆τ [L:k]=d

∏
L∈S

∏
τ∈TL

Z∆τ
0 (Y τ

AL)Br


.

We define the g-Brauer set of degree d of X by

Zd0 (XAk)g,Br :=
⋃
S⊂Fk

S 6= ∅ finite

g∗,ad


∐

(TL⊂H1(L,G))L∈S
TL 6= ∅ finite for all L ∈ S

∐
((∆τ )τ∈TL)

L∈S :

∆τ∈Z for all τ ,∑
L∈S

∑
τ∈TL

∆τ [L:k]=d

∏
L∈S

∏
τ∈TL

Z∆τ
0 (Y τ

AL)Br


.

The étale-Brauer set of degree d of X is defined by

Zd0 (XAk)et,Br :=
⋃
S⊂Fk

S 6= ∅ finite

⋂
F finite lin. alg. k-group

⋂
[f :Y→X]∈H1(X,F )

Zd0 (XAk)f,Br
S .
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The constructions above are all functorial, as the next proposition shows.

Proposition 3.7. Let X and Y be varieties over k and let φ : Y → X be a morphism of k-varieties.

Let G be a linear algebraic group over k and let g : W → X be a G-torsor over X. If g̃ : V → Y is the

G-torsor over Y obtained by pulling g : W → X back along φ : Y → X, then φ induces a map of sets

φ : Zd0 (YAk)g̃ → Zd0 (XAk)g.

In particular, we also have an induced map of sets φ : Zd0 (YAk)et,Br → Zd0 (XAk)et,Br.

Proof. Let (z̃v)v :=
(∑

yv∈Ykv
nyvyv

)
v
∈ Zd0 (YAk)g̃ and let

(zv)v := φ∗((z̃v)v) =

 ∑
yv∈Ykv

nyvφv∗(yv)


v

∈ Zd0 (XA).

We claim that (zv)v ∈ Zd0 (XAk)
g. Since (z̃v)v ∈ Zd0 (YA)g̃, there exist a non-empty S, (TL)L∈S and(

(∆σ)σ∈TL

)
TL∈S

with
∑

L∈S
∑

σ∈TL ∆σ[L : k] = d and 0-cycles

 ∑
vσw∈V σLw

ñσvwv
σ
w


w∈ΩL


σ∈TL


L∈S

∈
∏
L∈S

∏
σ∈TL

Z∆σ
0 (V σ

AL)

that recombine to (z̃v)v, i.e., for all v ∈ Ωk, we have

(3.1) z̃v =
∑
L∈S

∑
σ∈TL

∑
w∈ΩL:w|v

∑
vσw∈V σLw

ñσvw(s̃σLw ◦ g̃
σ
Lw)∗(v

σ
w).

Now, since g̃ : V
G−→ Y arose as the pullback of g : W

G−→ X, we have, for any L ∈ S and σ ∈ TL, the

pullback diagram

(3.2)

V σ
L W σ

L

Y σ
L Xσ

L

g̃σL

ϕσL

gσL
φσL

.

Moreover, there is a commutative diagram

(3.3)

YL XL

Y X

s̃L

φL

sL

φ

,

where s̃L and sL are the natural maps. Hence, by using the push-forward map

(3.4) Z∆σ
0 (V σ

AL)
ϕσL,∗−−−→ Z∆σ

0 (W σ
AL),

the 0-cycles
(∑

vσw∈V σLw
ñσvwv

σ
w

)
w∈ΩL

push-forward to 0-cycles
(∑

vσw∈V σLw
ñσvwϕ

σ
L,∗(v

σ
w)
)
w∈ΩL

∈ Z∆σ
0 (W σ

AL).

In particular,

g∗,ad




 ∑
vσw∈V σLw

ñσvwϕ
σ
L,∗(v

σ
w)


w∈ΩL


τ∈TL


L∈S

 ∈ Zd0 (XAk)g.
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Hence, it suffices to show that the 0-cycles

(((∑
vσw∈V σLw

ñσvwϕ
σ
L,∗(v

σ
w)
)
w∈ΩL

)
τ∈TL

)
L∈S

recombine to

(zv)v. Indeed, for all v ∈ Ωk, we have

∑
L∈S

∑
σ∈TL

∑
w∈ΩL:w|v

∑
vσw∈V σLw

ñσvw(sLw ◦ gσLw)∗(ϕ
σ
Lw,∗(v

σ
w))

=
∑
L∈S

∑
σ∈TL

∑
w∈ΩL:w|v

∑
vσw∈V σLw

ñσvw(sLw ◦ gσLw ◦ ϕ
σ
L)∗(v

σ
w)

=
∑
L∈S

∑
σ∈TL

∑
w∈ΩL:w|v

∑
vσw∈V σLw

ñσvw(sLw ◦ φLw ◦ g̃σLw)∗(v
σ
w)

=
∑
L∈S

∑
σ∈TL

∑
w∈ΩL:w|v

∑
vσw∈V σLw

ñσvw(φkv ◦ s̃Lw ◦ g̃σLw)∗(v
σ
w)

=φkv ,∗

∑
L∈S

∑
σ∈TL

∑
w∈ΩL:w|v

∑
vσw∈V σLw

ñσvw(s̃Lw ◦ g̃σLw)∗(v
σ
w)


=φkv ,∗(z̃v)

=zv,

where the second equality follows from (3.2), the third from (3.3), and the fifth from (3.1).

For the functoriality of the étale-Brauer set, it suffices to notice that if (z̃v)v ∈ Zd0 (YA)et,Br, then there

exist a non-empty S of extensions of k such that, for any finite linear algebraic group F over k and any

F -torsor f̃ : V → Y , we have

(z̃v)v ∈ f̃∗,ad


∐

(TL⊂H1(L,F ))L∈S
TL 6= ∅ finite for all L ∈ S

∐
((∆τ )τ∈TL)

L∈S :

∆τ∈Z for all τ ,∑
L∈S

∑
τ∈TL

∆τ [L:k]=d

∏
L∈S

∏
τ∈TL

Z∆τ
0 (V τ

AL)Br


.

Let (zv)v := φ∗((z̃v)v) ∈ Zd0 (XAk). We claim that (zv)v ∈ Zd0 (XAk)et,Br.

If f : W → X is any F -torsor and f̃ : V → Y is the pullback of f along φ : Y → X, then

(z̃v)v ∈ Zd0 (YAk)f̃ ,Br
S . Hence, by the functoriality proof above and using the fact that the Brauer-Manin

set construction is also functorial, meaning that the push-forward map in (3.4) induces the map

Z∆σ
0 (V σ

AL)Br
ϕσL,∗−−−→ Z∆σ

0 (W σ
AL)Br,

we have that

(zv)v ∈ Zd0 (XAk)f,Br
S .

But since this is true for any finite linear algebraic group F over k and any F -torsor f : W → X, we

have that

(zv)v ∈
⋂

F finite lin. alg. k-group

⋂
[f :Y→X]∈H1(X,F )

Zd0 (XAk)f,Br
S ⊂ Zd0 (XAk)et,Br,

as required. �

Proposition 3.8. Let X be a variety over a number field k. Let g : Y → X be a G-torsor over

X, where G is a linear algebraic group over k. Then Zd0 (XAk)
g,Br ⊂ Zd0 (XAk)

Br. In particular,

Zd0 (XAk)et,Br ⊂ Zd0 (XAk)Br.
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Proof. Let x ∈ Zd0 (XAk)g,Br. This means that there exists some

ỹ :=



 ∑
y∈Y τLw

ny y


w∈ΩL


τ∈TL


L∈S

∈
∏
L∈S

∏
τ∈TL

Z∆τ
0 (Y τ

AL)Br

for some finite S 6= ∅, some tuple of non-empty finite sets (TL ⊂ H1(L,G))L∈S , and some tuple of

integers ((∆τ )τ∈TL)L∈S with
∑

L∈S [L : k]
∑

τ∈TL ∆τ = d, such that

x = g∗,ad(ỹ) =

∑
L∈S

∑
τ∈TL

∑
w∈ΩL:w|v

∑
y∈Y τLw

ny(sLw ◦ gτLw)∗(y)


v∈Ωk

.

In particular, we remark that, for any τ ∈ TL, we have that, for any β ∈ Br(Y τ
L ),∑

w∈ΩL

∑
y∈Y τLw

ny invw coresLw(y)/Lw (β(y)) = 0.

We need to show that x ∈ Zd0 (XAk)Br. Let γ ∈ BrX. Fix L ∈ S and τ ∈ TL. Let γv := reskv/k(γ) ∈
Br(Xkv), α := s∗Lw(γv) ∈ Br(XLw), and (gτLw)∗(α) ∈ Br(Y τ

Lw
). Then

0 =
∑
w∈ΩL

∑
y∈Y τLw

ny invw coresLw(y)/Lw

(
(gτLw)∗(α)(y)

)
=
∑
w∈ΩL

∑
y∈Y τLw

ny invw coresLw(gτLw (y))/Lw

(
coresLw(y)/Lw(gτLw (y))

(
(gτLw)∗(α)(y)

))
=
∑
w∈ΩL

∑
y∈Y τLw

ny[Lw(y) : Lw(gτLw(y))] invw coresLw(gτLw (y))/Lw

(
α(gτLw(y))

)
=
∑
v∈Ωk

∑
w∈ΩL:w|v

∑
y∈Y τLw

ny[Lw(y) : Lw(gτLw(y))] invw coresLw(gτLw (y))/Lw

(
(s∗Lw(γv))(g

τ
Lw(y))

)
=
∑
v∈Ωk

∑
w∈ΩL:w|v

∑
y∈Y τLw

ny[Lw(y) : kv(sLw(gτLw(y)))] invv coreskv(sLw (gτLw (y)))/kv

(
γv(sLw(gτLw(y)))

)
,

where in the third equality we have used restriction-corestriction for the extension Lw(y)/Lw(gτLw(y)),

in the fifth equality we have used the commutative diagram

Br(Spec(Lw(gτLw(y)))) Br(Spec(Lw)) Q/Z

Br(Spec(kv(sLw(gτLw(y))))) Br(Spec(kv)) Q/Z

coresLw(gτ
Lw

(y))/Lw

coresLw(gτ
Lw

(y))/kv(sLw
(gτ
Lw

(y)))

invw

coresLw/kv =

coreskv(sLw
(gτ
Lw

(y)))/kv invv

together with restriction-corestriction for the extension Lw(gτLw(y))/kv(sLw(gτLw(y))). But then, when
considering 〈g∗,ad(y), γ〉BM , we get

〈g∗,ad(ỹ), γ〉BM =
∑
L∈S

∑
τ∈TL

∑
v∈Ωk

∑
w∈ΩL:w|v

∑
y∈Y τ

Lw

ny[Lw(y) : kv(sL(gτLw (y)))] invv coreskv(sL(gτ
Lw

(y)))/kv (γv(sL(gτLw (y))))

=
∑
L∈S

∑
τ∈TL

0

= 0,
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that is, x = g∗,ad(ỹ) ∈ Zd0 (XAk)Br, as required. �

Remark 3.9. For rational points, the g-descent set X(Ak)g can be also written as

(3.5) ⋃
σ∈H1

et(k,G)

gσ(Y σ(Ak)) =
{

(xv)v∈Ωk ∈ X(Ak) : ∃ σ ∈ H1
et(k,G) s.t. resv(σ) = [g−1

kv
(xv)] ∀ v ∈ Ωk

}
.

In our construction of Zd0 (XAk)
g, we have generalised the left-hand side of (3.5). However, it is not

clear, in general, how to generalise the right-hand side of (3.5) to 0-cycles. Nonetheless, when G is
commutative, we have that H1

et(k,G) is a group and not just a pointed set. Hence, in this case, using the
same ideas as in the construction of Zd0 (XAk)Br (i.e. using natural commutative diagrams, corestriction
maps, and the fact that H1(kv, G) is a group for each v ∈ Ωk, implying that we can add its elements
together), we can define the set

Z̃d0 (XAk )g :=


 ∑
xv∈Xkv

nxvxv


v

∈ Zd0 (XAk ) : ∃σ ∈ H1(k,G) s.t. resv(σ) =
∑

xv∈Xkv

nxv coreskv(xv)/kv

(
[g−1
kv

(xv)]
)
∀ v ∈ Ωk

 ,

which is a clear generalisation of the right-hand side of (3.5). It is natural to ask, in this context, what

the relationship between Zd0 (XAk)g and Z̃d0 (XAk)g is.

Proposition 3.10. Let X be a variety over a number field k and let g : Y → X be a torsor under a

commutative linear algebraic group G over k. Let d ∈ Z. Then Zd0 (XAk)g ⊂ Z̃d0 (XAk)g.

Proof. Let
(∑

xv∈Xkv
nxvxv

)
v∈Ωk

∈ Zd0 (XAk)g. Then, by definition, there exist a non-empty finite set

S of finite extensions of k, a non-empty finite set TL ⊂ H1
et(L,G) for each L ∈ S, a tuple of integers

((∆τ )τ∈TL)L∈S satisfying
∑

L∈S [L : k]
∑

τ∈TL ∆τ = d, and adelic 0-cycles
(∑

yτw∈Y τLw
nyτwy

τ
w

)
w∈ΩL

∈

Z∆τ
0 (Y τ

AL) with

(3.6)
∑
L∈S

∑
τ∈TL

∑
w∈ΩL:w|v

∑
yτw∈Y τLw

nyτw(sLw ◦ gτLw)∗(y
τ
w) =

∑
xv∈Xkv

nxvxv,

for any v ∈ Ωk. Let α := [g : Y → X] ∈ H1
et(X,G); for any extension K/k, we denote by αK the image

of α under the restriction map resK/k : H1
et(X,G)→ H1

et(XK , G).

For any yτw ∈ Y τ
Lw

such that skv(g
τ
Lw

(yτw)) = xv, let ỹτw ∈ YLw(yτw) be an Lw(yτw)-rational point above

yτw, let x̃w := gτLw(yτw) ∈ XLw(yτw), and let x̃v := sLw(yτw)/kv(xv)(x̃w) ∈ Xkv(xv), where sLw(yτw)/kv(xv) :

XLw(yτw) → Xkv(xv) is the natural map. Then x̃w ∈ XLw(yτw) is an Lw(yτw)-rational point above x̃v ∈
Xkv(xv), which, in turn, is a closed point above xv ∈ Xkv .

Since

αLw(yτw)(x̃w) = resLw(yτw)/kv(xv)

(
αkv(xv)(x̃v)

)
,

it follows, using also restriction-corestriction, that

coresLw(yτw)/kv

(
αLw(yτw)(x̃w)

)
= [Lw(yτw) : kv(xv)] coreskv(xv)/kv

(
αkv(xv)(x̃v)

)
= [Lw(yτw) : kv(xv)] coreskv(xv)/kv (αkv(xv)) .

But we know, by construction, that αLw(yτw)(x̃w) = resLw(yτw)/L(τ). Hence,

(3.7) coresLw(yτw)/kv

(
resLw(yτw)/L(τ)

)
= [Lw(yτw) : kv(xv)] coreskv(xv)/kv (αkv(xv)) .

Now, for each xv ∈ Xkv and for each L ∈ S and τ ∈ TL, we let

Y τ
L (xv) := {yτw ∈ Y τ

L : skv(g
τ
Lw(yτw)) = xv}.
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Then, using (3.6), we get∑
xv∈Xkv

nxv coreskv(xv)/kv (αkv(xv))

=
∑
L∈S

∑
τ∈TL

∑
w∈ΩL:w|v

∑
xv∈Xkv

∑
yτw∈Y τL (xv)

nyτw [Lw(yτw) : kv(xv)] coreskv(xv)/kv (αkv(xv))

(3.7)
=

∑
L∈S

∑
τ∈TL

∑
w∈ΩL:w|v

∑
xv∈Xkv

∑
yτw∈Y τL (xv)

nyτw coresLw(yτw)/kv

(
resLw(yτw)/L(τ)

)
res-cores

=
∑
L∈S

∑
τ∈TL

∑
w∈ΩL:w|v

∑
xv∈Xkv

∑
yτw∈Y τL (xv)

nyτw [Lw(yτw) : Lw] coresLw/kv
(
resLw/L(τ)

)
=

∑
L∈S

∑
τ∈TL

∑
w∈ΩL:w|v

coresLw/kv
(
resLw/L(τ)

) ∑
xv∈Xkv

∑
yτw∈Y τL (xv)

nyτw [Lw(yτw) : Lw]

=
∑
L∈S

∑
τ∈TL

∑
w∈ΩL:w|v

coresLw/kv
(
resLw/L(τ)

) ∑
yτw∈Y τL

nyτw [Lw(yτw) : Lw]

︸ ︷︷ ︸
=∆τ

=
∑
L∈S

∑
τ∈TL

∆τ

∑
w∈ΩL:w|v

coresLw/kv
(
resLw/L(τ)

)
.

From the commutative diagram

H1
et(L,G)

⊕
w∈ΩL:w|vH

1
et(Lw, G)

H1
et(k,G) H1

et(kv, G),

coresL/k

⊕
w∈ΩL:w|v resLw/L

∑
w|v coresLw/kv

reskv/k

we deduce that
∑

w∈ΩL:w|v coresLw/kv
(
resLw/L(τ)

)
= reskv/k

(
coresL/k (τ)

)
. Hence,∑

xv∈Xkv

nxv coreskv(xv)/kv (αkv(xv)) =
∑
L∈S

∑
τ∈TL

∆τ

∑
w∈ΩL:w|v

coresLw/kv
(
resLw/L(τ)

)
=
∑
L∈S

∑
τ∈TL

∆τ reskv/k
(
coresL/k (τ)

)
= reskv/k

∑
L∈S

∑
τ∈TL

∆τ coresL/k (τ)

 .

It follows that, if we let

σ :=
∑
L∈S

∑
τ∈TL

∆τ coresL/k (τ) ∈ H1
et(k,G),

then, for all v ∈ Ωk, we have that

reskv/k(σ) =
∑

xv∈Xkv

nxv coreskv(xv)/kv (αkv(xv)) ,

that is,
(∑

xv∈Xkv
nxvxv

)
v∈Ωk

∈ Z̃d0 (XAk)g, as required. �

It is however much less clear whether the other inclusion Z̃d0 (XAk)g ⊂ Zd0 (XAk)g should hold at all.

3.1. Descent obstruction and compatibility with Chow groups and Suslin homology. When

considering the Brauer-Manin set for 0-cycles, if X is a proper variety over a number field k, then we

know that the Chow group is compatible with the Brauer-Manin pairing, meaning that the Brauer-Manin

16



pairing 〈−, 〉BM : Zd0 (XAk)× Br(X)→ Q/Z induces a pairing

〈−, 〉BM :
∏
v∈Ωk

CHd
0(Xkv)× Br(X)→ Q/Z,

where CHd
0(Xkv) denotes the set of 0-cycles of degree d on Xkv modulo rational equivalence. It turns

out that when X is proper, the descent set also induces an obstruction set modulo rational equivalence.

In order to show this, we first need the definition of Suslin’s singular homology of degree 0.

For any varieties V and W over a field K with V connected, we define the group of finite correspon-

dences from V to W over K, to be the group Cor(V,W ) whose elements are formal Z-linear sums of

integral closed subschemes Z of W ×K V that are finite and surjective over V . For example, if X is a

variety over a field K, then Corr(SpecK,X) is just the group of 0-cycles on X.

Consider the points 0 and 1 on the affine line A1
K . For a variety X over K, we define a map

Corr(A1
K , X)→ Corr(SpecK,X)∑

Z

nZZ 7→
∑
Z

nZ(ι∗0(Z)− ι∗1(Z)),

where, if λ ∈ A1
K is a K-point, then ι∗λ(Z) denotes the pullback of Z ⊂ X ×K A1

K along the inclusion

ιλ : X → X ×K A1
K given by x 7→ (x, λ). Since the composition Z ⊂ X ×K A1

K → A1
K is finite and

surjective, we can view ι∗0(Z)− ι∗1(Z) as a 0-cycle on X. We define the Suslin’s singular homology group

of degree 0 on X to be the group h0(X) of 0-cycles on X modulo the equivalence relation generated by

those 0-cycles on X coming from finite correspondences from A1
K to X under the map above. Suslin’s

singular homology of degree 0 behaves well in the following sense (see [ES08]):

(i) if X is a proper variety over a field K, then h0(X) = CH0(X);

(ii) Let X and Y be varieties over a field K. Then, for any k-morphism f : Y → X, the pushforward

map f∗ : Z0(Y )→ Z0(X) induces a morphism f∗ : h0(Y )→ h0(X);

(iii) the degree map deg : Z0(X)→ Z for 0-cycles factors over the map s∗ : h0(X)→ h0(SpecK) = Z
induced by the structure morphism s : X → SpecK.

Even though we will not use it in this paper, we mention here a useful moving lemma for 0-cycles

modulo the finite correspondences equivalence, analogous to [CT05, Complément, §3].

Proposition 3.11. ([Sch07, Prop. 5.6]) Let X be smooth Noetherian scheme over a field k and let U

be a dense open subscheme in X. Then the natural homomorphism

h0(U)→ h0(X)

is surjective.

If d ∈ Z and X is a variety over a field K, we let hd0(X) denote the subset of h0(X) of degree d

elements, i.e., hd0(X) is the inverse image of d under the degree map deg : h0(X)→ Z.

Definition 3.12. Let X be a variety over a number field k. Let g : Y → X be a torsor under a linear

algebraic group G over k. Let d ∈ Z. We define the g-descent set of degree d of X modulo finite

correspondences to be the set

hd0(XAk)g := g∗,ad


∐

(TL⊂H1(L,G))L∈S
TL 6= ∅ finite for all L ∈ S

∐
((∆τ )τ∈TL)

L∈S :

∆τ∈Z for all τ ,∑
L∈S

∑
τ∈TL

∆τ [L:k]=d

∏
L∈S

∏
τ∈TL

 ∏
w∈ΩL

h∆τ
0 (Y τ

Lw)



.

Remark 3.13. If X is proper, then hd0(XAk)g = hd0(XAk)g ∩
∏
v∈Ωk

CHd
0(Xkv).
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Proposition 3.14. Let X be a variety over a number field k. Let g : Y → X be a torsor under a linear

algebraic group G over k. Let d ∈ Z. Let (zv)v ∈ Zd0 (XAk)g. Let [(zv)v] := ([zv])v ∈
∏
v h

d
0(Xkv) be the

class of (zv)v under the finite correspondences equivalence. Then [(zv)v] ∈ hd0(XAk)g.

Proof. Since (zv)v ∈ Zd0 (XAk)g, by definition there exist a non-empty finite set S of finite extensions of

k, a non-empty finite set TL ⊂ H1
et(L,G) for each L ∈ S, a tuple of integers ((∆τ )τ∈TL)L∈S satisfying∑

L∈S [L : k]
∑

τ∈TL ∆τ = d, and adelic 0-cycles
(∑

yτw∈Y τLw
nyτwy

τ
w

)
w∈ΩL

∈ Z∆τ
0 (Y τ

AL) with∑
L∈S

∑
τ∈TL

∑
w∈ΩL:w|v

∑
yτw∈Y τLw

nyτw(sLw ◦ gτLw)∗(y
τ
w) = zv,

for any v ∈ Ωk.

For each L ∈ S, each τ ∈ TL, and each w ∈ ΩL, consider the class ∑
yτw∈Y τLw

nyτwy
τ
w

 =
∑

yτw∈Y τLw

nyτw [yτw] ∈ h∆τ
0 (Y τ

Lw)

of
∑

yτw∈Y τLw
nyτwy

τ
w ∈ Z

∆τ
0 (Y τ

Lw
) under the finite correspondences equivalence. It follows that

g∗,ad




 ∑

yτw∈Y τLw

nyτwy
τ
w


w∈ΩL


τ∈TL


L∈S

 =
∑
L∈S

∑
τ∈TL

∑
w∈ΩL:w|v

∑
yτw∈Y τLw

nyτw(sLw ◦ gτLw)∗([y
τ
w])

Since the push-forward map (sLw ◦ gτLw)∗ : Z0(Y τ
Lw

)→ Z0(Xkv) induces a map

(sLw ◦ gτLw)∗ : h0(Y τ
Lw)→ h0(Xkv),

we have that (sLw ◦ gτLw)∗([y
τ
w]) = [(sLw ◦ gτLw)∗(y

τ
w)]. Hence, for each v ∈ Ωk, we have

[zv] =
[∑

L∈S
∑

τ∈TL
∑

w∈ΩL:w|v
∑

yτw∈Y τLw
nyτw(sLw ◦ gτLw)∗(y

τ
w)
]

=
∑

L∈S
∑

τ∈TL
∑

w∈ΩL:w|v
∑

yτw∈Y τLw
nyτw

[
(sLw ◦ gτLw)∗(y

τ
w)
]

=
∑

L∈S
∑

τ∈TL
∑

w∈ΩL:w|v
∑

yτw∈Y τLw
nyτw(sLw ◦ gτLw)∗ ([yτw])

= g∗,ad

(((([∑
yτw∈Y τLw

nyτwy
τ
w

])
w∈ΩL

)
τ∈TL

)
L∈S

)
.

It follows that [(zv)v] ∈ hd0(XAk)g, as required. �

Suslin’s singular homology of degree 0 is also compatible with the unramified Brauer-Manin pairing,

as the following proposition shows.

Proposition 3.15. Let X be an integral variety over a number field k. Let B ⊂ Brnr(X) be a non-empty

subset of the unramified Brauer group of X. Let d ∈ Z. Then the Brauer-Manin pairing for 0-cycles

〈−,−〉BM :
∏
v Z

d
0 (Xkv)×B → Q/Z is compatible with the finite correspondences equivalence and thus

induces a paring

〈−,−〉BM :
∏
v

hd0(Xkv)×B → Q/Z.

Proof. In order to show that the Brauer-Manin pairing is compatible with the finite correspondences

equivalence, it suffices to show that, for any α ∈ BrX, for any v ∈ Ωk, for any elementary finite

correspondence Z ⊂ Xkv ×A1
kv

, we have that the evaluation of α at the 0-cycle ι∗0(Z)− ι∗1(Z) ∈ Z0(Xkv)

is 0, where we recall that ιλ : Xkv → Xkv × A1
kv

is the inclusion x 7→ (x, λ).

Fix α ∈ Br(X), a place v ∈ Ωk, and an elementary finite correspondence Z ⊂ Xkv×A1
kv

. By definition,

the projection of Xkv×A1
kv

onto its second factor induces a finite surjective morphism f : Z → A1
kv

, while
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projection onto its first factor induces a morphism p : Z → Xkv . We follow, with some modifications,

the proof of [CTS21, Proposition 6.4.2].

Since Z is integral and A1
kv

is a normal, locally Noetherian scheme of dimension 1 over kv, and since

f is surjective (and thus non-constant), it follows that f is flat (see e.g. [Liu06, Chap.4, Cor.3.10]).

Moreover, since A1
kv

is locally Noetherian and f is finite and flat, it follows from [TSPA, Tag 02KB]

that f is finite and locally free of constant rank (since the rank is constant on irreducible components).

Let z0 ∈ Z0(Z) and z1 ∈ Z0(Z) be the 0-cycles associated to the finite schemes Spec(A0) = f−1(0)

and Spec(A1) = f−1(1), respectively. Then ι∗λ(Z) = p∗(zλ) ∈ Z0(Xkv), for λ ∈ {0, 1}. Let αv :=

reskv/k(α) ∈ Br(Xkv) and let β := p∗(αv) ∈ Br(Z). Then, by [CTS21, Lemma 6.4.1], we have

〈β, zλ〉BM = coresAλ/kv(βAλ) ∈ Br(kv),

for λ ∈ {0, 1}. Since f is finite and locally free of constant rank, by [CTS21, Proposition 3.8.1] we have

that

coresAλ/kv(βAλ) = 〈coresZ/A1
kv

(β), λ〉BM ,

for λ ∈ {0, 1}. Since kv is a perfect field, the natural map Br(kv) → Br(A1
kv

) is an isomorphism by

[CTS21, Theorem 5.6.1(viii)]. Hence, coresZ/A1
kv

(β) ∈ Br(A1
kv

) = Br(kv) is a constant class, and thus

〈β, z0〉BM = 〈β, z1〉BM , that is, 〈β, z0 − z1〉BM = 0. Finally, since β := p∗(αv), from [CTS21, (6.2)] it

follows that

0 = 〈p∗(αv), z0 − z1〉BM = 〈αv, p∗(z0 − z1)〉BM = 〈α, ι∗0(Z)− ι∗1(Z)〉BM ,

as required. �

In light of Proposition 3.15, we make the following definition.

Definition 3.16. Let X be a variety over a number field k. Let g : Y → X be a torsor under a linear

algebraic group G over k with Y geometrically integral. Let d ∈ Z. We define the g-unramified-Brauer

set of degree d of X modulo finite correspondences to be the set

hd0(XAk)g,Brnr := g∗,ad


∐

(TL⊂H1(L,G))L∈S
TL 6= ∅ finite for all L ∈ S

∐
((∆τ )τ∈TL)

L∈S :

∆τ∈Z for all τ ,∑
L∈S

∑
τ∈TL

∆τ [L:k]=d

∏
L∈S

∏
τ∈TL

 ∏
w∈ΩL

h∆τ
0 (Y τ

Lw)

Brnr


.

Remark 3.17. If X is proper, then hd0(XAk)g,Brnr = hd0(XAk)g,Brnr ∩
∏
v∈Ωk

CHd
0(Xkv).

Proposition 3.18. Let X be a variety over a number field k. Let g : Y → X be a torsor under a

linear algebraic group G over k with Y geometrically integral. Let d ∈ Z. Let (zv)v ∈ Zd0 (XAk)
g,Brnr .

Let [(zv)v] := ([zv])v ∈
∏
v h

d
0(Xkv) be the class of (zv)v under the finite correspondences equivalence.

Then [(zv)v] ∈ hd0(XAk)g,Brnr .

Proof. The proof is very similar to that of Proposition 3.14, once we note that Suslin’s singular homology

of degree 0 is compatible with the unramified Brauer group. �

4. Weak approximation for 0-cycles

Let Y be a smooth, geometrically integral variety over a field k. Recall that, when Y is proper, the

Chow group CH0(Y ) of Y is the quotient of Z0(Y ) by the subgroup generated by all 0-cycles of the

form φ∗(divC(g)), for all φ : C → Y proper morphisms over k from normal integral k-curves C and for

all g ∈ k(C)×. In other words, CH0(Y ) is the quotient of Z0(Y ) by the subgroup of 0-cycles rationally

equivalent to zero.
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Now let X be a smooth, geometrically integral variety over a number field k. While weak approximation

for 0-cycles is usually defined, when X is proper, by using the Chow groups CH0(Xkv) for each v ∈ Ωk,

in this paper we will need a slightly more general definition which works for non-proper varieties as well.

Instead of the Chow groups CH0(Xkv), we thus define weak approximation by using the Suslin’s singular

homology groups h0(Xkv). We note that, when X is proper, our definition of weak approximation

coincides with the classical one.

Definition 4.1. Let X be a smooth, geometrically integral variety over a number field k. For any

d ∈ Z, we say that X satisfies weak approximation for 0-cycles of degree d if the following condition

holds: for any positive integer n and for any finite subset S ⊂ Ωk of places of k, if (zv)v ∈ Zd0 (XAk), then

there exists a global 0-cycle zn,S ∈ Zd0 (X) such that zn,S and zv have the same image in h0(Xkv)/n for

any v ∈ S. We can also refine the notion of weak approximation by replacing the set Zd0 (XAk) by some

potentially smaller set Zd0 (XAk)ω still containing Zd0 (X), where ω is some “obstruction” compatible with

Suslin’s singular homology.

We will need the notion of two 0-cycles being sufficiently close.

Definition 4.2. ([Lia12, Définition 1.1(3)]) Let k be a number field and let v ∈ Ωk be a place of v.

Let Y be a variety over kv. Given a closed point y ∈ Y , we fix a kv-embedding kv(y) → kv, so that

we can view y as a kv(y)-point of Y . Let y′ ∈ Y be a closed point and let Uy ⊂ Y (kv(y)) be an open

neighbourhood of y with respect to the v-analytic topology. We say that y′ is sufficiently close to y (with

respect to Uy) if y′ has residue field kv(y
′) = kv(y) and if we can choose a kv-embedding kv(y

′) → kv
such that y′, when viewed as a kv(y)-point of Y , is contained in Uy. The general definition for two

0-cycles z and z′ on Y of the same degree to be sufficiently close (with respect to, say, a system of

open neighbourhoods of the points in the support of z) is obtained by extending Z-linearly the above

definition for closed points.

Remark 4.3. Let X be a smooth variety over a number field k. Let α ∈ X and let (zv)v∈Ωk ∈ Zd0 (XAk).

By the the fact that the evaluation of α at zv is locally constant for all v ∈ Ωk, we deduce that, for each

v ∈ Ωk, there is a system of open neighbourhoods of the support of zv such that, if z′v ∈ Zd0 (Xkv) is

sufficiently close to zv with respect to this system of neighbourhoods (or smaller neighbourhoods), then

the evaluation of α at z′v is the same as the evaluation of α at zv (in fact, it is the same “point-wise”,

for each point in the support of z′v).

We recall that, in characteristic 0, effective 0-cycles zv of degree d on Xkv are in one-to-one correspon-

dence with kv-points [zv] ∈ Symd(Xkv)(kv) on the symmetric product. Let zv be a 0-cycle of degree d

on Xkv . Then zv can be written uniquely as zv = z+
v − z−v , where z+

v and z−v are effective 0-cycles of

degrees, say, d+ and d−, respectively, with d = d+ − d−. Hence, zv corresponds to a pair of kv-points

([z+
v ], [z−v ]) ∈ Symd+(Xkv)(kv)× Symd−(Xkv)(kv). It turns out that, under the above identifications, if

two 0-cycles are sufficiently close, then they also have the same image in h0(Xkv)/n.

Proposition 4.4. Let X be a smooth variety over a number field k and let v ∈ Ωk be a place of k. Let

d ∈ Z and let zv ∈ Zd0(Xkv). Let n ∈ Z>0. There is a system of open neighbourhoods of the points in the

support of zv such that, if z′v is sufficiently close to zv with respect to this system of neighbourhoods (or

smaller neighbourhoods) of zv, then zv and z′v have the same image in h0(Xkv)/n.

Remark 4.5. Let k be a number field. Let S ⊂ Ωk be a non-empty finite set of places of k. Let X

be a smooth, geometrically integral variety over k. Let B ⊂ Brnr(X)/Br0(X) be a finite non-empty

subset and let β1, ..., βr ∈ Brnr(X) be a complete set of representatives for B. Let n ∈ Z>0. Let

(zv)v ∈ Zd0(XAk). Then, it follows from Remark 4.3 and Proposition 4.4 that, for each v ∈ S, we can

find a system of open neighbourhoods of the points in the support of zv such that, if z′v ∈ Zd0 (Xkv)

is sufficiently close to zv with respect to this system of neighbourhoods (or smaller neighbourhoods),
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then zv and z′v have the same image in h0(Xkv)/n and they have the same evaluation at each βi, for

i = 1, ..., r.

The proof of Proposition 4.4 follows immediately provided that we have an analogue of Lemme 1.8 of

[Wit12] for Suslin’s singular homology groups. The authors are extremely grateful to Olivier Wittenberg

for providing a proof of the following propositions, analogous to [Wit12, Lemme 1.8].

Proposition 4.6 (Wittenberg). Let k be a number field and let v ∈ Ωk be a place. Let X be a smooth

quasi-projective variety over kv. For any d ∈ Z, and any n ∈ Z>0, the map

Symd
Xkv

(kv)→ h0(Xkv)/n

is locally constant.

Proof. For notational convenience, we will let X := Xkv and k := kv. We will prove the result by

induction on the dimension dim(X). If dim(X) = 0, the result follows trivially. So assume that

dim(X) ≥ 1 and that the statement of the theorem holds for any smooth variety over k of dimension

strictly less than dim(X).

Let X̂ ⊂ PNk be a smooth compactification of X (noting that dimX = dim X̂) and let Y := X̂ −X.

Let z be an effective 0-cycle of degree d on X. Let Z := supp(z) ⊂ X be the support of z, viewed as a

reduced scheme. By replacing the embedding X̂ ⊂ PNk with its composition with a sufficiently-high-

degree Veronese embedding if necessary [AK79, (7)], we can assume that there exists a linear subspace

L ⊂ PNk of codimension dim(X)− 1 containing Z and such that the scheme L ∩ X̂ is a smooth curve

and the scheme L ∩ Y is étale over k. Let D ⊂ L be a linear subspace of codimension 1 in L such that

D ∩ Z = ∅ and such that the scheme D ∩ X̂ is étale over k. Let H ⊂ PNk be a linear subspace with

dim(H) = dim(X)− 1 and H ∩D = ∅. Let π : X ′ → X̂ be the variety obtained by blowing-up X̂ along

D ∩ X̂ and let p : X ′ → H be the projection morphism with centre D in PNk . Observe that since L ∩ Y
is ètale over k, one can ensure that, when choosing D, D ∩ Y is empty so that Y ⊂ X ′.

The fibres of p are the intersections of X̂ with the linear subspaces of PNk of codimension dim(X)− 1

containing D. Hence, there exists a point h ∈ H(k) such that L∩ X̂ = p−1(h). Since L∩ X̂ is a smooth

curve, there is an open set V ⊂ H with h ∈ V and such that the induced morphism p : p−1(V )→ V

is smooth, projective, and of relative dimension 1. By shrinking V if necessary, we can assume that

p : p−1(V ) ∩ Y → V is an étale morphism.

Since p is smooth at the points of Z and since Z ∩D = ∅, there exists a closed subvariety F ⊂ p−1(V )

with Z ⊂ F and F étale over V at the points of Z (c.f. [Gro67, p. 193]). By shrinking the open set V if

necessary, we can assume that F is étale on V , so that F is a smooth variety. By Hironaka’s theorem,

there is a smooth compactification F ⊂ F̂ such that the inclusion F ⊂ X ′ extends to a morphism

ξ : F̂ → X ′. The smooth variety F̂ − ξ−1(Y ) has dim(F̂ − ξ−1(Y )) < dim(X). Hence, by our inductive

hypothesis, there is an open set UF ⊂ Symd
F−F∩ξ−1(Y )(k) ⊂ Symd

F̂−ξ−1(Y )
(k) containing z, viewed as a

k-point of Symd(X), such that the map Symd
F̂−ξ−1(Y )

(k)→ h0(F̂ − ξ−1(Y ))/n is constant on UF . By

composing this map with the morphism h0(F̂ − ξ−1(Y ))/n→ h0(X)/n induced by the restriction of ξ

to F̂ − ξ−1(Y ), we deduce that the map

(4.1) UF → h0(X)/n

is also constant.

Let K/k be a finite Galois extension containing all the residue fields of the points in supp(z) and

let G := Gal(K/k). Since F is étale over V , by the inverse function theorem [Ser92, Part II, Ch. III,

§9, Theorem 2] there exists an open neighbourhood V ⊂ V (K) of h and, for each x ∈ Z(K), an open

neighbourhood Bx ⊂ X̂(K) of x such that Bx ∩ Y (K) = ∅, the sets Bx are pairwise disjoint, and the

maps Bx ∩ F (K)→ V induced by p are isomorphisms of analytic varieties.
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Let sx : V → Bx ∩ F (K) denote the inverse isomorphisms. By shrinking V and by replacing each Bx
with the intersection

⋂
σ∈G σ

−1(Bσ(x)) if necessary, we can assume that σ(Bx) = Bσ(x) for all σ ∈ G
and x ∈ Z(K). Hence, V and B :=

⋃
x∈Z(K) Bx are stable under the action of G. Moreover, for each

x ∈ Z(K), Bx is stable under the action of the stabiliser Gx ⊂ G of x. Additionally, for each x ∈ Z(K),

since s−1
x is Gx-equivariant, it follows that the map sx is Gx-equivariant as well.

Let ϕ : B → F (K) be the union of the maps sx◦p : Bx → F (K). Then ϕ is a continuous G-equivariant

map, and thus induces the continuous and G-equivariant map between the symmetric products of these

topological spaces

Symd(ϕ) : Symd(B)→ Symd(F (K)).

Since the subspaces of Symd(X(K)) and of Symd(F (K)) given by the G-invariant elements can be

identified with Symd
X(k) and Symd

F (k), respectively, it follows that the map Symd(ϕ) induces a continuous

map

ψ : U0 → Symd
X(k),

where U0 ⊂ Symd
X(k) is the set of G-invariant elements of Symd(B). The set U := ψ−1(UF ) is an open

set of Symd
X(k) containing z.

We now claim that, for each a ∈ U , the class of a in h0(X)/n is equal to the class of z. Indeed, given

a ∈ U , we can decompose the 0-cycle a− z on X as

a− z = (a− ψ(a)) + (ψ(a)− z).

Since both ψ(a) and z are in UF and since the map (4.1) is constant, the class of ψ(a)− z in h0(X)/n is

trivial. It remains to show that the class of the 0-cycle a− ψ(a) is also trivial in h0(X)/n. To see this,

we note first that supp(a− ψ(a)) ∩ Y = ∅. Let Nk′/k denote the norm of k′/k for an intermediate field

k ⊂ k′ ⊂ K. Then a− ψ(a) can be written as a sum of cycles on X of the form Nk′/k(b− sx(p(b))) for

some intermediate field k′, x ∈ Z(K), and b ∈ Bx ∩X(k′). By Proposition 4.7 below, and by shrinking

the Bx’s if necessary, it follows that the class of b−sx(p(b)) is trivial in h0(Xk′)/n for any b ∈ Bx∩X(k′).

Thus the class of a− ψ(a) is also trivial in h0(X)/n, as required. �

Proposition 4.7 (Wittenberg). Let k be a local field. Let p : X → V be a smooth proper morphism of

varieties over k, with V smooth over k. Let x ∈ X(k), let n ∈ Z>0 be invertible in k, let Y ⊂ X be a

codimension 1 subvariety with x /∈ Y , and let F ⊂ X be a codimension 1 subvariety with x ∈ F . Assume

that both Y and F are étale over V and are disjoint, and that the fibers of X → V are geometrically

irreducible curves.

Since F is étale over V , the map F (k) → V (k) is a local isomorphism around x. Let s denote its

inverse in a neighbourhood of p(x).

If b denotes a rational point of X close enough to x, then the class of b− s(p(b)) in the 0-th Suslin

homology modulo n of X \ Y is independent of b.

Proof. First we note that we are free to base change along any smooth morphism W → V endowed with

a rational point of W lying above p(x). In particular, after base changing along the projection F → V ,

we may assume that F → V admits a section and, by ignoring the other irreducible components of F ,

that F → V is an isomorphism, that is, that F is a section of p. Let s : V → X denote this section (i.e.,

F = s(V )).

Then, let us base change along p : X \Y → V itself. Let V ′ := X \Y , X ′ := X ×V V ′ and let us write

p′ : X ′ → V ′ for the projection onto the second factor. Let x′ denote the rational point (x, x) of X ′.

Let Y ′ = Y ×V V ′ and F ′ = F ×V V ′. Let s′ : V ′ → X ′ denote the base change of s : V → X and let

d : V ′ → X ′ denote the canonical section of p′, i.e., the diagonal. Now with p′ : X ′ → V ′, Y ′, F ′, and x′,

we are in exactly the same situation as in the statement of the Proposition, except over V ′ rather than

over V . This is advantageous since now in order to prove the original statement, it is enough to prove

the following improved claim, where instead of looking at the difference between an arbitrary point b of
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the total space with the point s(p(b)) that lies in the same fibre of p and in the given section F , we now

look at the difference between two points lying in the same fibre but in two given sections. That is,

Claim: The class of d(v′)− s′(v′) in the 0-th Suslin homology modulo n of X ′ \ Y ′ is independent of

v′, if v′ denotes a rational point of V ′ close enough to p′(x′) = x.

We prove this claim as follows. We have the two sections s′ and d of p′ that coincide at p′(x′). We can

view their images s′(V ′) and d(V ′) as divisors in X ′ that are disjoint from Y ′. Hence these divisors have

classes in the group H2
et(X

′, Y ′, µn). This notation means cohomology of X ′ relative to Y ′, concretely

this means H2
et(X

′, j!µn) where j denotes the inclusion of X ′ \ Y ′ in X ′ and j! is the extension by zero

functor; this relative cohomology group naturally fits into a long exact sequence

(4.2) · · · → H2
et(X

′, Y ′, µn)→ H2
et(X

′, µn)→ H2
et(Y

′, µn)→ H3
et(X

′, Y ′, µn)→ . . .

Now we can pull back to the fibres above p′(x′) = x. Write X ′x and Y ′x for the fibres of X ′ and Y ′

above this point. We have the pull-back map

(4.3) H2
et(X

′, Y ′, µn)→ H2
et(X

′
x, Y

′
x, µn)

and the difference between the classes of s′(V ′) and of d(V ′) lies in the kernel of (4.3), since s′ and d

coincide at p′(x′). Now we argue just in the same way as one proves that evaluation of Brauer classes is

locally constant (see [Poo17, Proposition 8.2.9(a)]). Let R be henselisation of the local ring of V ′ at

p′(x′). The pull-back map (4.3) factors as the composition of the maps

(4.4) H2
et(X

′, Y ′, µn)→ H2
et(X

′
R, Y

′
R, µn)

(4.5) H2
et(X

′
R, Y

′
R, µn)→ H2

et(X
′
x, Y

′
x, µn).

The map (4.5) is an isomorphism. Indeed, we can write the long exact sequence of relative cohomol-

ogy (4.2) for the domain and for the target of (4.5). There are pull-back maps at each level, and by

proper base change two out of three of these maps are isomorphisms, thus by the five lemma, all are.

Hence our class [s′(V ′)− d(V ′)] lies in the kernel of (4.4), and moreover it even lies in the kernel of the

map

(4.6) H2
et(X

′, Y ′, µn)→ H2
et(X

′
W , Y

′
W , µn)

for some étale W → V ′ endowed with a rational point w above p′(x′). Finally, since W → V ′ is

étale, it induces a local isomorphism W (k)→ V ′(k) around w. By locally choosing an inverse of this

isomorphism, we conclude, as in the proof of [Poo17, Prop.8.2.9(a)], that the image of [s′(V ′)− d(V ′)]

by the pull-back map

(4.7) H2
et(X

′, Y ′, µn)→ H2
et(X

′
v′ , Y

′
v′ , µn)

vanishes for all rational points v′ of V ′ close enough to p′(x′). In other words d(v′)− s′(v′) dies in the

target of (4.7) for all such v′. Since for a smooth open curve such as X ′v′ \ Y ′v′ , the 0-th Suslin homology

group modulo n injects into the the target of the map (4.7), the claim is proved. �

5. Extending Liang’s strategy to torsors

5.1. Extending Liang’s strategy to torsors. In [Lia13, Theorem 3.2.1] Liang proves, under certain

geometric assumptions on the k-variety X, that, if the Brauer-Manin obstruction is the only one for
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weak approximation of K-rational points on XK for any finite extension K/k, then the Brauer-Manin

obstruction is the only one for weak approximation of 0-cycles of degree 1 on X.

Recall that the unramified Brauer group Brnr(Y ) = Brnr(k(Y )/k) of a smooth, geometrically integral

variety Y over k is the subgroup of Br(k(Y )) defined by the intersection of the images of the natural

maps Br(A) ↪→ Br(k(Y )) for all discrete valuation rings A with field of fractions k(Y ) such that k ⊂ A.

The unramified Brauer group is a birational invariant that can be used even when no smooth, projective

model of Y is available. We note that when Y is proper, Brnr(Y ) = Br(Y ). For further details, see e.g.,

[CTS21, Chapter 6].

Theorem 5.1. Let X be a smooth, proper, geometrically integral variety over a number field k. Let

f : Y → X be an F -torsor for some linear algebraic group F over k and with Y geometrically integral.

Let d be any integer. Assume that

(i) for any finite extension K/k and any τ ∈ H1(K,F ), the quotient Brnr(Y
τ
K)/Br0(Y τ

K) is finite,

and there exists a finite extension K ′τ of K so that for all finite extensions L of K linearly

disjoint from K ′τ over K, the homomorphism induced by restriction

resL/K : Brnr(Y
τ
K)/Br0(Y τ

K)→ Brnr(Y
τ
L )/Br0(Y τ

L )

is surjective;

(ii) for any finite extension L/k, we have that XL(AL)fL,Brnr 6= ∅ if and only if X(L) 6= ∅ (respectively,

if XL(AL)fL,Brnr 6= ∅, then weak approximation holds for XL).

Then f-descent with unramified Brauer obstruction is the only obstruction to the Hasse principle

(respectively, weak approximation) for 0-cycles of degree d on X.

Proof. We give a proof for weak approximation in the case when f is not proper; the proofs for weak

approximation in the case when f is proper or for the Hasse principle are similar. Fix a positive integer

n and a finite subset S ⊂ Ωk. Fix a closed point x̃ ∈ X.

Let (zv)v∈Ωk ∈ Zd0 (XAk)f,Brnr . Then, by definition, there exist a non-empty finite set S′ of finite exten-

sions of k, a non-empty finite set TK ⊂ H1
et(K,F ) for each K ∈ S′, a tuple of integers ((∆τ )τ∈TK )K∈S′

satisfying
∑

K∈S′ [K : k]
∑

τ∈TK ∆τ = d, and adelic 0-cycles (z̃τw)w∈ΩK ∈ Z
∆τ
0 (Y τ

AK )Brnr with

f∗,ad((((z̃τw)w∈ΩK )τ∈TK )K∈S′) = (zv)v∈Ωk .

For each τ , we follow the proof of [Lia13, Theorem 3.2.1], with the following modifications. Liang

translates arithmetic information on a proper variety Z to arithmetic information on Z × P1 in part

via the isomorphism of Br(Z × P1)
∼−→ Br(Z). In our setting, Y τ

K need not be proper, so we use the

unramified Brauer group instead since it is a stably-birational invariant [CTS21, Cor. 6.2.10], hence

Brnr(Y
τ
K × P1

K) ' Brnr(Y
τ
K).

Without loss of generality, we can further enlarge the set S in the following way. For each K ∈ S′
and τ ∈ TK , since we are assuming that the quotient Brnr(Y

τ
K)/Br0(Y τ

K) is finite, we can fix a complete

finite set R(K,τ) ⊂ Brnr(Y
τ
K) of representatives for Brnr(Y

τ
K)/Br0(Y τ

K). Hence, we can find a finite set

S0,K,τ ⊂ ΩK and an integral model YτK of Y τ
K over Spec(OK,S0,K,τ

) such that all the representatives in

R(K,τ) actually come from elements of Br(YτK). Moreover, we recall that (z̃τw)w∈ΩK ∈ Z
∆τ
0 (Y τ

AK ), so

that, by definition of adelic 0-cycles, there are only finitely many w ∈ ΩK (depending on the chosen

integral model for Y τ
K) for which z̃τw is not integral. Hence, by enlarging S0,K,τ further if necessary, we

can assume that all the places w ∈ ΩK for which z̃τw is not integral (with respect to the model YτK) are

contained in S0,K,τ . We then enlarge S by including all the (finitely many) places v ∈ Ωk below the

(finitely many) places w ∈ S0,K,τ , for each K ∈ S′ and τ ∈ TK . After enlarging S as above if needed, it

follows that, for any K ∈ S′ and any τ ∈ TK , if w ∈ ΩK is not above any place of S, then the evaluation

β(z̃τw) is actually in Br(OKw) = 0, for each β ∈ R(K,τ).
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Following the proof by Liang (see also [Lia13, Proposition 3.3.3] and the proof of [Lia13, Proposition

3.4.1]) and using assumption (i), using the notion of generalised Hilbertian sets (see [Lia13, Definition

3.3.1]) for each K ∈ S′ and each τ ∈ TK we can then construct a finite extension Kτ/K, linearly disjoint

from K ′τ over K, with

[Kτ : K] ≡ ∆τ (mod n · [k(x̃) : k])

and an adelic point (yτw′)w′∈ΩKτ
∈ Y τ (AKτ )Brnr with

∑
w′∈ΩKτ :w′|w rKτ,w′/Kw(yτw′) sufficiently close to

z̃τw for all places w above S, where rKτ,w′/Kw : Y τ
Kτ,w′

→ Y τ
Kw

. In particular, by Proposition 4.4, for all

the places w ∈ ΩK above a place in S, the 0-cycles
∑

w′∈ΩKτ :w′|w rKτ,w′/Kw(yτw′) and z̃τw have the same

image in h0(Y τ
Kw

)/n, say  ∑
w′∈ΩKτ :w′|w

rKτ,w′/Kw(yτw′)

 = [z̃τw] + nµτw

for some µτw ∈ h0(Y τ
Kw

).

Now, let xτw′ := f τKτ (yτw′). Then (xτw′)w′ ∈ X(AKτ )f
τ
Kτ

,Brnr . By assumption (ii), there exists a

Kτ -rational point x̃τ ∈ X(Kτ ) such that (x̃τ )w′ = xτw′ for all w′ above S.

Consider the global 0-cycle z := (
∑

K

∑
τ sKτ (x̃τ )) + λnx̃ for some λ ∈ Z such that z ∈ Zd0 (X). Note

that such λ exists by construction, since

deg

∑
K∈S′

∑
τ∈TK

sKτ (x̃τ )

 =
∑
K∈S′

∑
τ∈TK

[Kτ : k] ≡
∑
K∈S′

∑
τ∈TK

∆τ [K : k] ≡ d (mod n · [k(x̃) : k]).

We claim that the 0-cycle z has the same image as zv in h0(Xkv)/n for all v ∈ S. Indeed, for each

v ∈ S, under the natural map Zd0 (X)→ Zd0 (Xkv) we send

z 7→ resv(z) :=

∑
K∈S′

∑
τ∈TK

∑
w′∈ΩKτ :w′|v

sKτ,w′ ((x̃
τ )w′)

+ λn
∑

w∈Ωk(x̃):w|v

(x̃)w ∈ Zd0 (Xkv)

and, working in h0(Xkv), we have that

[resv(z)] =
[∑

K

∑
τ

∑
w′∈ΩKτ :w′|v sKτ,w′ ((x̃

τ )w′)
]

+ λn
[∑

w∈Ωk(x̃):w|v(x̃)w

]
≡
[∑

K

∑
τ

∑
w′∈ΩKτ :w′|v sKτ,w′ ((x̃

τ )w′)
]

≡
[∑

K

∑
τ

∑
w′∈ΩKτ :w′|v sKτ,w′ (x

τ
w′)
]

≡
[∑

K

∑
τ

∑
w′∈ΩKτ :w′|v sKτ,w′ (f

τ
Kτ

(yτw′))
]

≡
[∑

K

∑
τ

∑
w′∈ΩKτ :w′|v sKw(f τK(rKτ,w′/Kw(yτw′)))

]
≡
[∑

K

∑
τ

∑
w∈ΩK :w|v

∑
w′∈ΩKτ :w′|w(sKw ◦ f τK)∗(rKτ,w′/Kw(yτw′))

]
≡
∑

K

∑
τ

∑
w∈ΩK :w|v(sKw ◦ f τK)∗

([∑
w′∈ΩKτ :w′|w rKτ,w′/Kw(yτw′

)]
)

≡
∑

K

∑
τ

∑
w∈ΩK :w|v(sKw ◦ f τK)∗([z̃

τ
w] + nµτw)

≡
∑

K

∑
τ

∑
w∈ΩK :w|v(sKw ◦ f τK)∗([z̃

τ
w])

≡
[∑

K

∑
τ

∑
w∈ΩK :w|v(sKw ◦ f τK)∗(z̃

τ
w)
]

≡ [zv] (mod nh0(Xkv)),
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where in the fifth equality we have used the commutative diagram

Y τ
Kτ,w′

Y τ
Kw

XKτ,w′ XKw

Xkv Xkv .

rKτ,w′/Kw

fτKτ
fτK

sKτ,w′/Kw

sKτ,w′ sKw

=

and where in the seventh and tenth equalities we have used the fact that pushforward maps of sets of

0-cycles induce maps of Suslin homology groups. �

Remark 5.2. In Theorem 5.1, we consider only one torsor f : Y → X at a time. It is a much harder

problem to deal with multiple torsors simultaneously (as it could happen when trying to compute, for

example, the étale-Brauer obstruction), since the combinatorial compatibilities between the degrees of

the fields constructed in the proof of Theorem 5.1 become much more difficult to enforce and check – at

least, in full generality.

In the case that X has a closed point with degree a power of a prime p, we may relax the assumptions

of Theorem 5.1.

Proposition 5.3. Let X be a smooth, proper, geometrically integral variety over a number field k and

suppose there exists a closed point x̃ of X of degree [k(x̃) : k] = pr, for some prime p. Let f : Y → X

be an F -torsor for a linear algebraic group F over k and Y geometrically integral. Let d be an integer

coprime to p. Assume that

(i) for any finite extension K/k and any τ ∈ H1(K,F ), the quotient Brnr(Y
τ
K)/Br0(Y τ

K) is finite,

and there exists a finite extension K ′τ of K so that for all finite extensions L of K linearly

disjoint from K ′τ over K and with gcd([L : K], p) = 1, the homomorphism induced by restriction

resL/K : Brnr(Y
τ
K)/Br0(Y τ

K)→ Brnr(Y
τ
L )/Br0(Y τ

L )

is surjective.

(ii) for any finite extension L/k of degree coprime to p, we have that XL(AL)fL,Brnr 6= ∅ if and only

if X(L) 6= ∅.
Then Zd0 (Ak)f,Brnr 6= ∅ =⇒ Z1

0 (X) 6= ∅.

Proof. Let (zv)v ∈ Zd0 (XAk)
f,Brnr . Then there exist a non-empty finite set S of field extensions of k,

non-empty finite sets TK ⊂ H1
et(K,F ) for each K ∈ S, and a tuple ((∆τ )τ∈TK )K∈S of integers satisfying∑

K∈S
∑

τ∈TK [K : k]∆τ = d, and 0-cycles (zτw)w∈ΩK ∈ Z
∆τ
0 (Y τ

AK )Brnr for all τ ∈ TK and all K ∈ S such

that

f∗,ad

((
((zτw)w∈ΩK )τ∈TK

)
K∈S

)
= (zv)v.

Since
∑

∆τ [K : k] = d and gcd(d, p) = 1, there exists some τ such that gcd(∆τ [K : k], p) = 1

and hence gcd(∆τ , p) = 1. Under assumption (i), by applying a similar strategy as in the proof

of [Lia13, Theorem 3.2.1] to the corresponding torsor Y τ
K we obtain an extension Lτ/K of degree

[Lτ : K] ≡ ∆τ mod p and adelic point of (y′w)w ∈ Y τ
Lτ

(ALτ )Brnr(Y τK). Our assumption (i) guarantees

that (y′w)w ∈ Y τ
Lτ

(ALτ )Brnr(Y τLτ ) and thus that f τ ((y′w)w) ∈ XLτ (ALτ )f
τ ,Brnr . Since Lτ/k has degree

[Lτ : k] = [Lτ : K][K : k] which is coprime to p, our assumption (ii) yields a rational point x ∈ X(Lτ ),

which can be viewed as a closed point on X of degree coprime to p. Hence, by taking a suitable linear

combination of x and x̃, we get a 0-cycle of degree 1 on X. �
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Remark 5.4. If in the statement of Proposition 5.3 we consider weak approximation instead, it is

unlikely that the above strategy of proof extends to this setting.

Remark 5.5. See Theorem 6.6 for a result which uses similar ideas as those in the proof of Proposition

5.3 in the context of (twisted) Kummer varieties.

6. Some applications

6.1. Enriques surfaces. In this section, we study the arithmetic behaviour of 0-cycles on Enriques

surfaces using our newly defined obstruction sets and some recent results on K3 surfaces. There is

indeed a well-known relationship between Enriques surfaces and K3 surfaces: any Enriques surface X

over a number field k can be realised as the quotient of a K3 surface Y by a fixed-point-free involution

(see [Bea96, Prop III.17]). In other words, for any Enriques surface Y over k, we have a Z/2Z-torsor

f : X → Y with X a K3 surface over k.

Conjecturally, the qualitative arithmetic behaviour of rational points on K3 surfaces is completely

determined by the Brauer-Manin obstruction.

Conjecture 6.1 (Skorobogatov, [Sko09b]). The Brauer-Manin obstruction is the only obstruction to

the Hasse principle and weak approximation of rational points on K3 surfaces over number fields.

Some recent evidence towards Conjecture 6.1 includes [CTSSD98], [SSD05], [IS15], [HS16]. In

[Ier21], Ieronymou used Liang’s strategy to prove, conditionally on Skorobogatov’s conjecture, that

the Brauer-Manin obstruction also completely determines the qualitative arithmetic of 0-cycles on K3

surfaces.

Theorem 6.2 ([Ier21, Theorem 1.2]). Let Y be a K3 surface over a number field k and fix an integer d.

Suppose that Conjecture 6.1 holds. Then, for any positive integer n, if (zv)v ∈ Zd0 (YAk)
Br then there

exists a global 0-cycle zn ∈ Zd0 (Y ) such that zn and zv have the same image in CH0(Ykv)/n for all

v ∈ Ωk.

By using Ieronymou’s result and exploiting the K3 coverings of Enriques surfaces, we are able to

study the arithmetic behaviour of 0-cycles on Enriques surfaces.

Theorem 6.3. Let X be an Enriques surface over a number field k and let f : Y → X be a K3 covering

of X, i.e. a Z/2Z-torsor over X with Y a K3 surface. Assume that Conjecture 6.1 is true. Let d ∈ Z.

Then, for any positive integer n, if (zv)v ∈ Zd0 (XAk)
f,Br then there exists a global 0-cycle zn ∈ Zd0 (X)

such that zn and (zv)v have the same image in CH0(Xkv)/n for all v ∈ Ωk.

Proof. Fix a positive integer n. If (zv) ∈ Zd0 (XA)f,Br, then by definition there exist a non-empty finite

set S of field extensions of k, non-empty finite sets TK ⊂ H1
et(K,Z/2Z) for each K ∈ S, and a tuple

((∆τ )τ∈TK )K∈S of integers satisfying
∑

K∈S
∑

τ∈TK [K : k]∆τ = d, and 0-cycles (zτw)w∈ΩK ∈ Z
∆τ
0 (Y τ

AK )Br

for all τ ∈ TK and all K ∈ S such that

f∗,ad

((
((zτw)w∈ΩK )τ∈TK

)
K∈S

)
= (zv)v.

Under the assumption that Conjecture 6.1 is true, from Theorem 6.2 we deduce that there exist

global 0-cycles zτ ∈ Z∆τ
0 (Y τ

K) such that zτ and (zτw)w∈ΩK have the same image in CH0(Y τ
Kw

)/n for all

w ∈ ΩK , for all τ ∈ TK and all K ∈ S.

Let z := f∗

((
(zτ )τ∈TK

)
K∈S

)
. By Lemma 2.3, z ∈ Zd0 (X). Moreover, it is not hard to see that z and

zv must have the same image in CH0(Xkv)/n for all v ∈ Ωk. Indeed, for all w ∈ ΩK , for all τ ∈ TK and

K ∈ S′, working at the level of Chow groups we have

[zτw] = [resw(zτ )] + nλτw
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for some λτw ∈ CH0(Y τ
Kw

), where resw(zτ ) is the image of zτ under the natural map Z∆τ
0 (Y τ

K) →
Z∆τ

0 (Y τ
Kw

). Then, using the fact that proper pushforward maps at the level of sets of 0-cycles induce

maps of Chow groups, for every v ∈ Ωk we have

[zv] =
∑

K∈S
∑

τ∈TK
∑

w∈ΩK :w|v(sK ◦ f τK)∗ ([zτw])

=
∑

K∈S
∑

τ∈TK
∑

w∈ΩK :w|v(sK ◦ f τK)∗ ([resw(zτ )] + nλτw)

= [resv(z)] +
∑

K∈S
∑

τ∈TK
∑

w∈ΩK :w|v(sK ◦ f τK)∗ (nλτw)

= [resv(z)] + n
∑

K∈S
∑

τ∈TK
∑

w∈ΩK :w|v(sK ◦ f τK)∗ (λτw) ,

where resv(z) is the image of z under the natural map Zd0 (X)→ Zd0 (Xv). Since∑
K∈S

∑
τ∈TK

∑
w∈ΩK :w|v

(sK ◦ f τK)∗
(
CH0(Y τ

Kw)
)
⊂ CH0(Xkv),

we are done. �

6.2. (Twisted) Kummer varieties as torsors. Let A be an abelian variety over a number field k

of dimension ≥ 2. Let σ := [T → Spec k] ∈ H1
et(k,A[2]). Under the natural morphism H1

et(k,A[2])→
H1

et(k,A), we have that σ gives rise to a 2-covering ρ : V → A, where V has the structure of a k-torsor

under A of period dividing 2. The involution [−1] : A→ A, fixing A[2], induces an involution ι : V → V

fixing T = ρ−1(0A). Let Ṽ → V be the blow-up of V at T . Then the involution ι induces an involution

ι̃ : Ṽ → Ṽ fixing the exceptional divisors of the blow-up. The quotient Ṽ /ι̃ is called the (twisted)

Kummer variety associated to A and σ. In what follows, we sometimes omit the references to A and σ

and just talk about (twisted) Kummer varieties.

Lemma 6.4. Let Y be a (twisted) Kummer variety over a number field k. Then Y has a 0-cycle of

degree a power of 2.

Proof. Since Y is a (twisted) Kummer variety, it admits a double cover by a smooth, proper variety Z

which is birational to a torsor V under an abelian variety of dimension g of period P (V ) dividing 2. If

I(V ) denotes the index of V , that is, the gcd of the degrees of all closed points on V , then the following

divisibility relation between the period and index is well-known:

P (V ) | I(V ) | P (V )2g.

In particular, I(V ) must be a power of 2. Since, for k a number field, the index is a birational invariant

of smooth varieties, it follows that I(V ) = I(Z). Hence, by definition of the index, Z has a 0-cycle of

degree I(Z), a power of 2. By pushing forward this 0-cycle from Z to Y , we obtain a 0-cycle on Y of

degree a power of 2, as required. �

Given that there is a close relationship between (twisted) Kummer varieties and k-torsors under

abelian varieties, and since, conditionally on the finiteness of the relevant Tate-Shafarevich group, the

(algebraic) Brauer-Manin obstruction is the only one for the existence of rational points on k-torsors

under abelian varieties (see e.g., [Man71, Cre20]), it is natural to ask the following question (and to

possibly expect a positive answer).

Question 6.5. Let X be a (twisted) Kummer variety over a number field k. Is it true that, for any

finite extension L/k of odd degree, X(AL)Br 6= ∅ implies X(L) 6= ∅?

For some evidence towards a positive answer to Question 6.5, see for example [SSD05], [HS16], and

[Har19].

Theorem 6.6. Let X be a smooth, proper, geometrically integral variety over a number field k. Let

f : Y → X be a torsor under some linear algebraic group F over k, where Y is a (twisted) Kummer variety
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over k. Let d ∈ Z be odd. Assume that Question 6.5 has a positive answer. Then Zd0 (XAk)f,Br{2} 6= ∅
implies Zd0 (X) 6= ∅.

Proof. Let (zv)v ∈ Zd0 (XAk)
f,Br{2}. Then, by definition, there exist a non-empty finite set S of field

extensions of k, non-empty finite sets TK ⊂ H1
et(K,F ) for each K ∈ S, and a tuple ((∆τ )τ∈TK )K∈S of

integers satisfying
∑

K∈S
∑

τ∈TK [K : k]∆τ = d, and 0-cycles (zτw)w∈ΩK ∈ Z
∆τ
0 (Y τ

AK )Br{2} for all τ ∈ TK
and all K ∈ S such that

f∗,ad

((
((zτw)w∈ΩK )τ∈TK

)
K∈S

)
= (zv)v.

Since d is odd, it follows that there exists some K ∈ S and some τ ∈ TK such that gcd([K : k]∆τ , 2) = 1.

By the proof of [Lia13, Theorem 3.2.1], we can construct a finite extension Kτ/K with [Kτ : K] ≡
∆τ (mod 2) such that Y τ

Kτ
(AKτ )Br(Y τK){2} 6= ∅. But, by construction, [Kτ : K] is odd. Hence, by

[BN21, Lemma 7.1] we know that actually Y τ
Kτ

(AKτ )Br(Y τK){2} = Y τ
Kτ

(AKτ )Br(Y τKτ ){2}. Since Y τ
Kτ

is a

(twisted) Kummer variety, [CV18, Theorem 5.10] then yields that Y τ
Kτ

(AKτ )Br(Y τKτ ) 6= ∅. By assumption,

this implies that there exists some rational point y ∈ Y τ
K(Kτ ), which can be viewed as a closed point

of degree [Kτ : K] on Y τ
K . Since Y τ

K is a (twisted) Kummer variety, we know by Lemma 6.4 that Y τ
K

has a global 0-cycle of degree a power of 2. Hence, by Bézout’s theorem, there exists a global 0-cycle

z̃τ ∈ Z1
0(Y τ

K) and thus a global 0-cycle z ∈ Z [K:k]
0 (X). If #S = 1, then [K : k]|d and we are done. If

#S > 1, then, since
∑

K′∈S
∑

τ ′∈TK′
[K ′ : k]∆τ ′ = d, it follows that

gcd
(
[K : k], [K ′ : k] for K ′ ∈ S − {K}

)
| d.

In particular, since [K : k] is odd, it follows that

(6.1) gcd
(
[K : k], 2tK′ [K ′ : k] for K ′ ∈ S − {K}

)
| d

for any integers tK′ ≥ 0. For any K ′ ∈ S − {K}, fix some τ ′ ∈ TK′ . Then, by considering the (twisted)

Kummer variety Y τ ′
K′ and, by Lemma 6.4, a global 0-cycle y′ of degree a power of 2 on Y τ ′

K′ , we get that

the pushforward (f τ
′

k′ )∗(y
′) is a global 0-cycle of degree a power of 2 on XK′ , and thus a global 0-cycle

x′ of degree 2tK′ [K ′ : k] on X, for some tK′ ≥ 0. Hence, by (6.1), we can take an appropriate linear

combination of the 0-cycles x′ (for each K ′ ∈ S − {K}) and z we obtain a 0-cycle of degree d on X, as

required. �

Remark 6.7. By using [BN21], one can also consider the more general case of torsors under arbitrary

finite products of (twisted) Kummer varieties, K3 surfaces, and geometrically rationally connected

varieties over some number field.

Remark 6.8. As already mentioned in the introduction, the recent preprint [Ier22] by Ieronymou

should remove some of the conditions in Theorem 6.6, namely we can get a statement for any d ∈ Z and

for the full Brauer groups, with a proof similar to that of Theorem 6.3. We have preferred to leave the

statement of Theorem 6.6 in its current form as its proof could potentially be used in other contexts

where one has only limited information about the arithmetic of rational points (e.g. when one only

knows local-to-global principles for rational points with 2-primary Brauer groups).

6.3. Universal torsors and torsors under tori. Recall that if X is a variety over k and g : Y → X

is a G-torsor over X for some linear algebraic group G over k of multiplicative type, then the type of

the torsor g : Y → X is the map

λ : Ĝ→ PicX

which associates to any character χ ∈ Ĝ = Ĝ(k) the class of the pushforward χ∗(Y )→ X inH1(X,Gm) =

PicX (see [Sko01, Lemma 2.3.1]), where Ĝ := Homk-groups(G,Gm) = Ĝ(k) is the module of characters

of G. If, moreover, PicX is finitely generated as a Z-module, then we say that g : Y → X is a universal

torsor if the type map λ : Ĝ → PicX is an isomorphism of Gal(k/k)-modules. One useful feature of

universal torsors is that they are really defined geometrically, implying that if g : W → X is a universal
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torsor for X under some linear algebraic group G over k, then gK : WK → XK is also a universal torsor

for XK (under GK) for any finite extension K/k. Universal torsors satisfy many nice properties, in the

context of rational points. For example, we have the following.

Theorem 6.9 ([Sko01, Theorem 6.1.2]). Let X be a variety over k with k[X]× = k
×

and PicX

finitely generated as a Z-module. Assume that g : W → X is a universal torsor for X. Then

X(Ak)g = X(Ak)Br1.

In this section, we leverage some of our knowledge of universal torsors in the context of rational

points to deduce some information in the context of 0-cycles.

Theorem 6.10. Let X be a smooth, proper, geometrically integral variety over k with PicX finitely

generated as a Z-module. Suppose that a universal torsor g : W → X under some group G of

multiplicative type over k exists. Then, for any integer d ∈ Z, for any positive integer n, and for any

finite subset S′ ⊂ Ωk of places of k, we have that

(1) if (zv)v ∈ Zd0(XAk)
g, then there exists some (uv)v ∈ Zd0 (XAk)

Br1 such that zv and uv have the

same image in CH0(Xkv)/n for all v ∈ S′;
(2) if, moreover, Br1(X)/Br0(X) is finite, then (zv)v ∈ Zd0(XAk)Br1 implies that there exists some

(uv)v ∈ Zd0(XAk)g such that zv and uv have the same image in CH0(Xkv)/n for all v ∈ S′.

Proof. (1) Let (zv)v ∈ Zd0(XAk)
g. Then, by definition, there exist a non-empty finite set S of field

extensions of k, non-empty finite sets TK ⊂ H1
et(K,G) for each K ∈ S, and a tuple ((∆τ )τ∈TK )K∈S of

integers satisfying
∑

K∈S
∑

τ∈TK [K : k]∆τ = d, and 0-cycles (zτv′)v′∈ΩK ∈ Z
∆τ
0 (W τ

AK ) for all τ ∈ TK and

all K ∈ S such that

g∗,ad

((
((zτv′)v′∈ΩK )τ∈TK

)
K∈S

)
= (zv)v.

For each τ ∈ TK (for each K ∈ S), we can fix a closed point yτ ∈W τ
K , with Fτ := K(yτ ) and degree

say δyτ := [Fτ : K]. Then, arguing as in [Lia13, Theorem 3.2.1], we can construct an extension Lτ/K of

degree

[Lτ : K] ≡ ∆τ (mod nδyτ ),

say [Lτ : K] = ∆τ + λτnδyτ for some integer λτ , and an adelic point (mw)w∈ΩLτ
∈ W τ (ALτ ) with∑

w∈ΩLτ :w|v′ rLτ,w/Kv′ (mw) sufficiently close to zτv′ for all the places v′ ∈ ΩK above the places in S′,

where rLτ,w/Kv′ : W τ
Lτ ,w

→ W τ
Kv′

is the natural map. By Proposition 4.4,
∑

w∈ΩLτ :w|v′ rLτ,w/Kv′ (mw)

and zτv′ also have the same image in h0(W τ
Kv′

)/n.

Let (x
(τ)
w )w∈ΩLτ

:= (gτLτ (mw))w∈ΩLτ
. Then (x

(τ)
w )w∈ΩLτ

∈ X(ALτ )gLτ . But gLτ : WLτ → XLτ is

again a universal torsor (under GLτ ). Hence, Theorem 6.9 yields that (x
(τ)
w )w∈ΩLτ

∈ X(ALτ )Br1(XLτ ).

Similarly, (x̃
(τ)
w′ )w′∈ΩFτ

:= (gτFτ ((yτ )w′))w′∈ΩFτ
∈ X(AFτ )Br1(XFτ ).

Consider the adelic 0-cycle on X whose v-adic component is given by

uv :=
∑
K∈S

∑
τ∈TK

∑
v′∈ΩK :v′|v

 ∑
w∈ΩLτ :w|v′

sLτ,w/kv(x
(τ)
w ) − λτn

∑
w′∈ΩFτ :w′|v′

sFτ,w′/kv(x̃
(τ)
w′ )

 ,

where sLτ,w/kv : XLτ,w → Xkv and sFτ,w′/kv : XFτ,w′ → Xkv are the natural maps, with degree

deg(uv) =
∑

K∈S
∑

τ∈TK
∑

v′∈ΩK :v′|v

(∑
w∈ΩLτ :w|v′ [(Lτ )w : kv] − λτn

∑
w′∈ΩFτ :w′|v′ [(Fτ )w′ : kv]

)
=

∑
K∈S

∑
τ∈TK ([Lτ : K]− λτn[Fτ : K])

∑
v′∈ΩK :v′|v[(K)v′ : kv]

=
∑

K∈S [K : k]
∑

τ∈TK ([Lτ : K]− λτn[Fτ : K])

=
∑

K∈S [K : k]
∑

τ∈TK ∆τ

= d.
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We claim that (uv)v ∈ Zd0 (XAk)Br1 . Indeed, for any α ∈ Br1(X),∑
v∈Ωk

∑
K∈S

∑
τ∈TK

∑
v′∈ΩK :v′|v

(∑
w∈ΩLτ :w|v′ invv

(
cores(Lτ )w/kv

(
α
(
x

(τ)
w

)))
−λτn

∑
w′∈ΩFτ :w′|v′ invv

(
cores(Fτ )w′/kv

(
α
(
x̃

(τ)
w′

))))
=

(∑
v∈Ωk

∑
K∈S

∑
τ∈TK

∑
v′∈ΩK :v′|v

∑
w∈ΩLτ :w|v′ invv

(
cores(Lτ )w/kv

(
α
(
x

(τ)
w

))))
−λτn

(∑
v

∑
K∈S

∑
τ∈TK

∑
v′∈ΩK :v′|v

∑
w′∈ΩFτ :w′|v′ invv

(
cores(Fτ )w′/kv

(
α
(
x̃

(τ)
w′

))))
Now, ∑

v∈Ωk

∑
K∈S

∑
τ∈TK

∑
v′∈ΩK :v′|v

∑
w∈ΩLτ :w|v′ invv

(
cores(Lτ )w/kv

(
α
(
x

(τ)
w

)))
=

∑
v∈Ωk

∑
K∈S

∑
τ∈TK

∑
v′∈ΩK :v′|v

∑
w∈ΩLτ :w|v′ invw

(
α
(
x

(τ)
w

))
=

∑
K∈S

∑
τ∈TK

∑
w∈ΩLτ

invw

(
α
(
x

(τ)
w

))
=

∑
K∈S

∑
τ∈TK 0

= 0,

where in the first equality we have used the commutative diagram

Br(Spec((Lτ )w))
invw−−−→ Q/Z

←−
−

cores(Lτ )w/kv ←−
−

=

Br(Spec(kv))
invv−−→ Q/Z

and in third equality we have used the fact that (xτw)w∈ΩLτ
∈ X(ALτ )Br1(XLτ ). Similarly, one can show

that ∑
v∈Ωk

∑
K∈S

∑
τ∈TK

∑
v′∈ΩK :v′|v

∑
w′∈ΩFτ :w′|v′

invv

(
cores(Fτ )w′/kv

(
α
(
x̃

(τ)
w′

)))
= 0.

Hence, (uv)v ∈ Zd0 (XAk)Br1 , as required.

Finally, we remark that, since
∑

w∈ΩLτ :w|v′ rLτ,w/Kv′ (mw) and zτv′ have the same image in h0(W τ
Kv′

)/n

for all τ ∈ TK , all K ∈ S, and all places v′ above the places v ∈ S′, and by the compatibility of Suslin’s ho-

mology with pushforward morphisms, it follows that
∑

K∈S
∑

τ∈TK
∑

v′∈ΩK :v′|v
∑

w∈ΩLτ :w|v′ sLτ,w/kv(x
(τ)
w )

and zv have the same image in h0(Xkv)/n for all v ∈ S′, and thus that uv and zv also have the same

image in h0(Xkv)/n for all v ∈ S′. Since X is proper, we note that h0(Xkv) = CH0(Xkv).

(2) The assumption that Br1X/Br0X is finite can only be true when PicX is torsion-free: since

H3
et(k, k

×
) = 0 for any number field k and k

×
[X] = k

×
by our assumptions on X, by the long exact

sequence coming from the Hochschild-Serre spectral sequence

Ep,q2 := Hp
et(k,H

q
et(X,Gm))⇒ Hp+q

et (X,Gm)

we know that

Br1X/Br0X = H1
et(k,PicX),

and, by Kummer theory, H1
et(k,PicX) is infinite as soon as PicX has non-trivial torsion. Let K/k be

a finite Galois extension such that Gal(k/K) acts trivially on PicX. Then, following for example the

proof of [Lia13, Prop 3.1.1], we have that, for any finite extension l/k linearly disjoint from K over k,

the natural restriction map

resl/k : Br1X/Br0X → Br1(Xl)/Br0(Xl)

is an isomorphism.

31



Let (zv)v ∈ Zd0(XAk)
Br1 . We fix a closed point x ∈ X of degree, say, δx := [k(x) : k]. In particular,

((x)w)w∈Ωk(x)
∈ X(Ak(x))

Br1(Xk(x)). Since gk(x) : Wk(x) → Xk(x) is still a universal torsor, Theorem 6.9

yields ((x)w)w∈Ωk(x)
∈ X(Ak(x))

gk(x) .

Following [Lia13], we can construct a finite extension l/k, linearly disjoint from K and k(x) over

k, such that [l : k] ≡ d (mod nδx), say [l : k] = d + λnδx for some λ ∈ Z, and an adelic point

(x̃w′)w′∈Ωl ∈ X(Al)Br1(Xl) = X(Al)gl with
∑

w′∈Ωl:w′|v slw′/kv(x̃w′) sufficiently close (in the sense of

[Lia13]) to zv for each place v ∈ S′, where slw′/kv : Xlw′ → XKv′ is the natural map. Note that

X(Al)Br1(Xl) = X(Al)gl by the fact that gl : Wl → Xl is still a universal torsor together with Theorem

6.9.

Consider the adelic 0-cycle on X whose v-adic component is given by

uv :=
∑

w′∈Ωl:w′|v

slw′/kv(x̃w′)− λn
∑

w∈Ωk(x):w|v

sk(x)w/kv((x)w)

and has degree
deg(zv) =

∑
w′∈Ωl:w′|v[lw′ : kv]− λn

∑
w∈Ωk(x):w|v

[k(x)w : kv]

= [l : k]− λn[k(x) : k]

= d.

We claim that (uv) ∈ Zd0 (XAk)
g. Indeed, take S := {l, k(x)} (noticing that l and k(x) are linearly

disjoint over k by construction); take Tl := {τ} ⊂ H1(l, G) and Tk(x) := {σ} ⊂ H1(k(x), G), where τ is

any twist such that there exists some (ỹw′)w′ ∈W τ (Al) above (x̃w′)w′ , and σ is any twist such that there

exists some (yw)w ∈W σ(Ak(x)) above ((x)w)w; take ∆τ = 1 and ∆σ = −λn. Then (ỹw′)w′ ∈ Z1
0(W τ

Al)

and (−λnyw)w ∈ Z−λ0 (W σ
Ak(x)

), with

g∗,ad (((ỹw′)w′ , (−λnyw)w)) =

 ∑
w′∈Ωl:w′|v

slw′/kv(x̃w′)− λn
∑

w∈Ωk(x):w|v

sk(x)w/kv((x)w)


v

= (uv)v

and

∆τ · [l : k] + ∆σ · δx = [l : k]− λnδx = d,

as required. Finally, it is easy to check that the uv and zv have the same image in CH0(Xkv)/n for all

v ∈ S′. �

Finally, we consider torsors under tori. In the rational points setting, Harpaz and Wittenberg have

proved the following nice result.

Theorem 6.11 ([HW20, Théorème 2.1]). Let X be a smooth, geometrically integral variety over k. Let

f : Y → X be a torsor under a k-torus T . Let A ⊂ BrX be the inverse image of Brnr(Y ) ⊂ BrY under

f∗ : BrX → BrY . Then

X(Ak)A ⊂
⋃

σ∈H1(k,T )

fσ(Y σ(Ak)Brnr).

A very similar proof to that of Theorem 6.10 (2), together with Theorem 6.11, yields the following

immediate statement for 0-cycles in the spirit of Theorem 6.11, albeit with the usual restrictions on the

Brauer groups.

Theorem 6.12. Let X be a smooth, proper, geometrically integral variety over k. Let f : Y → X be

a torsor under a k-torus T . Assume that BrX/Br0X is finite and that there is some finite extension

F/k such that resl/k : BrX/Br0X → Brnr(Xl)/Br0(Xl) is surjective for all finite extensions l/k

linearly disjoint from F over k. Then, for any integer d ∈ Z, for any positive integer n, and for any

finite subset S′ ⊂ Ωk of places of k, we have that (zv)v ∈ Zd0(XAk)
Brnr implies that there exists some

(uv)v ∈ Zd0(XAk)f,Brnr such that zv and uv have the same image in CH0(Xkv)/n for all v ∈ S′.
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